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Classical theory



]. Prerequisites

This chapter covers some theory that is considered “prerequisite” for all the fancy
number theory to follow, but isn’t already covered in Napkin.

§1.1 Fourier transforms
As usual, e(t) is shorthand for exp(2mit).

§1.1.1 Fourier transform of a periodic function

We’ll repeatedly need the following.

~N
Theorem 1.1.1 (Fourier coefficients of a periodic function)

Suppose that g: R — C is smooth and satisfies g(x + 1) = g(z) + 1. In that case, it
can be expressed in terms of the basis t — e(nt) by

1
g(z) = Zane(nx) where Ay = /0 g(z) e(—nx) dx.
. ! J

Thus if f: H — C is holomorphic that satisfies f(z 4+ 1) = f(z), then we will also have
the relation

w—+1
flz) = Zane(nz) = Zanq” where ap = / f(z) e(—nz) dz

w

for the same reason. Here w may be any complex number in H; by the contour theorem,
the choice doesn’t matter.
If we write z = x + yi it’s often more economical to divorce z and y:

1
flz) = Zan(y)e(nm) where an(y) = /0 f(x + yi)e(—nx) dx

§1.1.2 Fourier transform of a real function
Now let us suppose f: R — C. We say it is
e of moderate decrease if |f(z)] = O((1 + 2?)~1), and

e a Schwartz function (or of rapid decrease) if all derivatives decay faster than any
polynomial.

In either case, one can define the Fourier transform by
fie) = [ fae(—¢-a) do

which converges for any x. The advantage of the Schwartz functions is that ® is actually
a bijection on this space; whereas f may not be of moderate decrease even if f is.
We'll repeatedly use the following.
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Theorem 1.1.2 (Poisson summation formula)
If both f and ]?are both of moderate decrease then

S ) =Y fn).

Ching minh. More generally, the following is true:
S fw+n) =3 Finje(na).
n n

You can prove this by applying the previous result to g(z) =), f(x + n). Indeed, the
mth Fourier coefficients of this g is

1

A = /0 Zf(w +n)e(—mz) dx
1

= Z/O f(x 4+ n)e(—max) dx

- /R f(@)e(—m(z — |z))) da
= / f(z)e(—max) dx = f(m). O
R

We'll also occasionally use:

Theorem 1.1.3 (Fourier inversion)

If f is a Schwartz function then

§1.1.3 Applications of Fourier stuff

We do now a few calculations which we will use later.

Proposition 1.1.4
Fix t > 0. The Fourier transform of h; = exp(—ntz?) is hy = %hl/t.

Ching minh. We calculate

~

hi(€) = /Rexp(—wt:z2)exp(—2m§a:) dx

= \}f exp (—52> exp (—7722) dz
2
= e (=75 ) = Zohu(©
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Here we used the Cauchy residue theorem to assert that [y __ exp (—7rz2) dz is inde-
pendent of the choice of ¢, and thus we may replace it with 0 at which point we get the
famous Gaussian integral. O

Proposition 1.1.5

Fix t > 0. The Fourier transform of h;(z) = z exp(—ntx?) is hy = ﬁ%hl/t.

Ching minh. Integrate by parts and repeat previous proposition. O

§1.2 Mellin transform

§1.2.1 Generalized Mellin transform

We'll follow Zagier’s appendix.

Initially, suppose ¢: (0,00) — C is a smooth function which decays rapidly at infinity.
We will not assume ¢ decays rapidly at zero since this restriction is too much; we will
instead just assume it is has an asymptotic expansion

o(t) = Z ant®  t—0

where a1, ag, .. .are complex numbers say with a1 < Ras < ---. We allow this sequence
to be finite, or also infinite if lim,, .~ Ry, = co. In the most common case this will be a
sort of “Taylor series” at 0. It’s not required that this series actually converges at any
point.

Then we define its Mellin transform M¢: C — C by

Mo.s) = [ "ot §

which is initially defined as long as Rs > —Ra;. (For example, ¢ is smooth at 0, the
above equation is okay for Res > 0.) The following result will be indispensable as a
source of meromorphic continuations:

Theorem 1.2.1 (Generalized Mellin transform for rapidly decaying functions)

This Mellin transform M(¢, s) has a meromorphic continuation to C with (at most)
simple poles of residue a,, at s = —a,, (and no other poles).

Ching minh. Let T > 0 be arbitrary. For each N > 0 write

& dt
Mos) = [ o g
r d > d
= [row G+ [Ceon T
—/Tts sb(t)—g:a e %T3+a“+/oots¢(t) a
= ; — n t n§N8+an T t

which gives a desired meromorphic continuation to Rs > —Ray with poles in the
specified places, of residue a,. (Moreover, this choice is independent of T'; a meromorphic
continuation is going to be unique, anyways.) U
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§1.2.2 Applications of Mellin

o Let ¢(t) = e~ which has a Taylor expansion 1 —t + % — --- near zero. Then by
definition

© g
M(¢,s):/0 tse*t;:r(s)

is the famous Gamma function. We now immediately know that I has meromorphic
continuation with poles of residue (773!) at s = —n, for n = 0,1,.... Note that
integration by parts gives the functional equation I'(s + 1) = sI'(s), and since

I'(1) = 1, we could have deduced the result a similar way.

e More generally, if ¢(t) = e=* for some A > 0 then
M(¢,s) = A7 -T(s)

by a change of variables. (Actually, for A\ = 0 we also find that the Mellin transform
of a constant function is zero.)

Strong use: we can take ¢ a sum of such exponentials. Consider

1
o(t) = ——

1 Bn+1
t+5+.. ng_:l(n—l-l)!

ety e g3y,

where Bj,+1 are the Beronulli numbers. Taking the Mellin transform of the last expression
now gives

M(e,s) =) n°T(s) = L(s)((s)

n>1

where ( is the Riemann zeta function. This gives an identity

M(o, s)

C(S):W

which is now the meromorphic continuation of (!
Let’s see what we can extract about its poles. For n > —1, note that M(¢, s) has

simple poles at s = —n of residue (ﬁj}%!' For n > 0, the function I" has simple poles at
s = —n of residue (—n1')n. That means ¢ has only a simple pole of residue 1 at s = 1 (since

Bp/0! =1). And the values of the zeta function for n > 0 are now given by

((-n) = (-1 2L

In particular, n > 0 is odd then B, = 0.

§1.2.3 Mellin transforms for functions not decaying at infinity

This is still not general enough for us. For example, we will later want to take the Mellin
transform of a certain 6 function corresponding to the Riemann zeta function. However,
this function behaves like 2%/2 for t — 0 and 1/2 for t — oo. This makes the previous
definition fail.
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We will now consider a case where t may not decay rapidly at either 0 or oo, but
having asymptotic expansions at both

G(t) =) apt™™  ast—0

o(t) = Z bt ast — 0o

where a1, as, ...and (1, B2, ...are complex numbers with Ra; < Ras < --- and
RB1 > NP2 > -+ +; again we assume lim,_, Ra,, = 0o and lim,,_, o, B, = —oo if either
sequence is infinite. In that case, the original integral fooo tSd)(t)% is defined if s > —Ray
and Rs < —RSG;. The problem is that this might not hold for any values of s at all!

This means even defining the function which we want to take extend requires some
straightforward but annoying work. Here is the specification. Again pick a real number
T > 0. The idea is that [~ t*¢(t)% maybe split into fOT o) % + [ t5¢(t)L and each
of the two halves will be defined somewhere and can be extended analytically as before.
The explicit definition is to consider

T N o | dt N an .
M(QS,S):/O <¢(t)—r;ant >t+;5+0‘nT+

o0 N a XLb
+ / o) =Y bpttn | = =y —L_5thn
(o0 ) -2

as N — oo. The first line is defined as long as Rs > —Ray while the second line is
defined as long as Rs < —RBy. Of course, the overall sum is also independent of T
Thus:

Theorem 1.2.2 (Generalized Mellin transform)

Let ¢: (0,00) — C be a function with asymptotic expansions at 0 and oo as above.
Then M(¢, s) as given above is a meromorphic function with at most simple poles
only at s = —a, and s = —f3,,, of residue a,, and —b,, (respectively, and additively).

This means that M(—, s) is gives an C-linear map from the set of functions (0,00) — C
with asymptotic expansions at 0 and oo, to the space of meromorphic functions.

An important example we can now note: [Kernel of the generalized Mellin transform]
Suppose ¢(t) = 1. Then M(1,s) = 0, because we have a1 = b =1 and a1 = 1 = 0,
and a; — by = 0 means the pole there gets cancelled out. More generally, if ¢(t) is any
polynomial in ¢, or any finite sum of ¢t“ terms, then its generalized Mellin transform
vanishes. This means we can shift away any constants when discussing the Mellin
transform. One just has to keep in mind the definition.

In general, the following result can be proven by change of variables.

4 N\
Proposition 1.2.3 (What happens if you u-sub a Mellin transform)

Let ¢: (0,00) — C be a function with asymptotic expansions at 0 and oo as above.
Then for any ¢ > 0, d € R and « € C,

M(d, *52)

M(t%¢(ct?), s) = L
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Ching minh. This is actually a compact way of abbreviating three changes of variables;
the idea is

M(t%(ct?), 5) = M(g(ctd), s + a) = |d] =TI M <¢(ct), i Z O‘)

Y <¢<t>7 = a) ' -

§1.3 Dirichlet characters

§1.3.1 Sums involving Dirichlet characters

Let x: (Z/N)* — C be a primitive Dirichlet character with conductor N.
We need two things:
e Recall that the Gauss sum is defined by
)= Y. x(n)e(n/N)
n mod N

which satisfies the famous identity |7(x)| = v'N.

e We need the interpolation formula for primitive Dirichlet characters:
x(—=1)7(x _
x(n) = VTS sgo(mr/),
r mod N

The point of this formula is to re-express x(n) as a sum of exponentials in n with
certain coefficients (given by X).

In particular, this extends y: R — C. For example, this means we could, if we
wanted to, speak of the Fourier transform of x (viewed as a function of period V).

Here is one application of the interpolation formula.

Hé qua 1.3.1 (Twisted Poisson summation) — If f is of moderate decay then
) S F (2
2o X)) = 5= 5 ()] (%)

Chiing minh. Let F(n) = x(n)f(n). Then by the interpolation formula, we can extend to

VT S 0 f(aeter/N)

r mod N

F(x) =

Now the Fourier transform of f(x)e(xr/N) is given by

/R Fla)e(ar/N)e(~&x) dr = F (¢~ 1)

Thus, by Poisson summation formula,

(-7 T T
Soxmm) = E=E 3 3R (n- )

-WE X xni(n- )
N Xr (). .
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§1.3.2 The L-function of a Dirichlet character
We then attach the L-function defined by

L(s.0 = Soxtmy = [ (1-X27)
n P
for Rs > 1. For example, if y is the trivial character (so N = 1), then L(s, x) = ( is the
Riemann zeta function.
Any time we have an L-function our goal will to be get an analytic continuation and a
functional equation. For Dirichlet characters, both goals will be achieved by using the
following so-called theta function.

Dinh nghia 1.3.2. Let ¢ = 17)‘#(71) and define
1 € 2
0\ (t) = 3 ;n x(n)exp(—mn-t).
Note that x(0) = 0 unless N = 1, which would cause x(0) =1 (and actually x = 1).

It is clear that 6,.(t) — %X(O) decays rapidly as t — co. We'll now show the following
functional equation:

Proposition 1.3.3 (Functional equation of the theta function)
We have

_fe 1
0(1) = ;,H)Etgff/é Ox ( N2t> '

Ching minh. By cases on whether ¢ = 0 or € = 1; just apply twisted Poisson summation
on exp(—mx?t) and x exp(—mx?t) respectively. O

When N > 1, this means 6, (t) decays rapidly to 0 as well. Let’s assume momentarily that
N > 1, and see what falls out when we compute the Mellin transform of 6,. It equals

M (Oy,s) = Z nEx(n) M (exp(—mnt), s)

n>0

=Y nx(n)(wn®)°L(s)

n>0

= T(s)* Y nx(nn >

n>0
=T(s)m °L(2s — &, %)

Replacing s with %(s + ¢) and rearranging:

M <9X7 S;E) — gs(step (S;€> L(s, x)-

Since I" never vanishes, this gives the analytic continuation of L(s, x).
When N =1 and x = 1 is the trivial character we get 0, (t) = %GX(I/t), and so 0, (t)

behaves like =4 at zero, and the Mellin transform is defined. The same calculation gives

2V
M (61,5) = M(1/2,0) + Y M(exp(—mn’t), s)

n>0
=0+TI(s)m °L(2s —¢e,1) =T (s)m °¢(2s)

11
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M (01,5/2) = D(s)m*L(2s — e,1) = I'(s/2)n*/%((s)

In this case, M (61, s/2) is meromorphic except for simple poles at s =0 and s = 1 of
residue 1.

The Mellin transforms we mentioned are usually called the completed L-functions as
follows:

\
Theorem 1.3.4 (The Mellin transform of the theta function)
Define
Ao = M (8 255 ) =7 He4r (122) Lo, ).
Then A(s, x) is analytic if x # 1; otherwise it is meromorphic, with simple poles at
s =0 and s =1 of residue 1. Moreover, we have the functional equation
A(s, x) = A1 = 5, ).

. J

Ching minh. The first half of the theorem follows from Mellin transform properties. To
show the functional equation, use Proposition 1.2.3 to clean everything up once the theta
function is used.

Nl+e 5
(i M (ex, ‘51“/2)) _ T, (9){7 (1_3)+€>

Nlte (Nz)sgg—(@rl/?) Ns 2
_ e
_ & Z?\;(X) A(fg, 1~ s). O

§1.4 Linear algebraic groups

§1.4.1 Reductive groups

Dinh nghia 1.4.1. A linear algebraic group G over a field k is a closed subscheme of
GL,(k), i.e. a smooth affine group scheme over k.

Recall that a generic group H is

e solvable if the map X — [X, X] starting from H eventually stabilizes; equivalently,
there needs to be a normal series

1=Gp 4G 4G22 4G, =G
where each G;/G;_1 is abelian.

e unipotent if every element of the group is unipotent; this implies H is a closed
subgroup of U,.

Dinh nghia 1.4.2. Given a LAG G, we define

e its radical is the largest connected solvable normal subgroup;

12
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e its unipotent radical is the largest connected unipotent normal subgroup.
We say G is
e semisimple if the radical is trivial;

e reductive if the unipotent radical is trivial.

Semisimple groups are considered pretty rigid, but reductive groups are not too much
worse; from https://mathoverflow.net/a/223895/70654:

From the modern perspective the class of (connected) reductive groups is more
natural than that of (connected) semisimple groups for the purposes of setting
up a robust general theory, due to the fact that Levi factors of parabolics in
reductive groups are always reductive but generally are not semisimple when
the ambient group is semisimple. However, after some development of the
basic theory one learns that reductive groups are just a fattening of semisimple
groups via a central torus (e.g., GL,, versus SL,), so Harish-Chandra had no
trouble to get by in the semisimple case by just dragging along some central
tori here and there in the middle of proofs.

Following non-obvious theorem is another motivation for why reductive groups are
considered really nice:

Theorem 1.4.3

A smooth connected affine group over a field of characteristic 0 is reductive if and
only if all of its algebraic representations are completely reducible.

§1.4.2 Parabolic and Borel subgroups
Dinh nghia 1.4.4. A Borel subgroup of G is

e a connected solvable subgroup variety B for which G/B is complete;

e or equivalently, a maximal Zariski-closed normal solvable subgroup (but not neces-
sarily normal).

The Borel subgroups are all conjugate to each other.
Dinh nghia 1.4.5. A parabolic subgroup P of G is
e any subgroup containing a Borel subgroup;
e over an algebraically closed field, equivalently, such that G/P is a complete variety.

Example copied from Wikipedia: for G = GL4(C), a Borel subgroup is

ail a2 a3 a4
0 a2 a3 an
0 0 a3z asgq
0 0 0 aqq

A= sdet(A) #0

and the maximal proper parabolic subgroups of G' containing B are:

ail a2 a3 a4 ail a2 a1z a4 ail a2 a1z a4
0 axp a3 ax a1 @ a3 a4 a1 @ a3 a4
0 aze asz axu| |’ 0 0 asz axu||’ azr a2 asz as4
0 a42 Q43 Q44 0 0 a4s3 Qq4 0 0 0 aq4

13


https://mathoverflow.net/a/223895/70654

Lé Hoang Vi (Ngay 4 thang 1 nam 2025) Tuyén tap chuyén dé chon loc 2024

Also, a maximal torus in B is

all 0 0 0
0 0 0
0 a82 sy 0 | P01 022 033 A #0352 Gy,
0 0 0 oay
§1.4.3 Table
G Radical Unipotent radical Borel subgroup
GL(n) C (diagonal matrices) 1 Upper tri
SL(n) 1 1
O(n) 1
SO(n) 1
Sp(n) 1
U(n) 1
Ga G, Ga

14
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2 Ham Sinh

§2.1 Dinh nghia
p

Dinh nghia (Ham sinh)
Cho day s6 thuc { ag|k > 0} ¢6 vo han s6 hang. Ta goi ham sinh cta day { agx|k > 0}

+o00
la chudi liiy thita hinh thitc: F(z) = Y. apz® = agtar1x + agz? + azx® + ...

k=0
.
Ménh dé 2.1.1 — Tit dinh nghia trén ta ciing suy ra duge meénh dé sau: Day s thuc
“+oo
c6 hitu han s6 hang { ax|p < k < ¢q} (0 < p < q) ¢6 ham sinh vén 1a F(x) = Y apa®
k=0

véi quy uéc ar, = 0 khi k& < p hodc k > q.

Vi du.
a) Day vo han { a; = (- 2)"k! | k >0} va day hitu han { by = kK*In(k) | 3 < k < 20}
c6 cac ham sinh lan lugt 1a:

“+00
F(z) =Y apa® =1 - 20+ 8% — 482% + .. (2.1)
k=0
va
+oo
G(x) =) bpa® =9(In3)x* + 16(In4)x" + ... + 400(In20)x>° (2.2)
k=0

O day ta hiu by, = 0 khi k < 3 hoiic k > 20.

b) Xét tap hop X ¢6 |X| = n > 1. Dat ax 1a s6 tap con c¢6 k phan ti trong X,
Vk € {0,1,2,...,n}, thi khi d6 ta c6 ap = C¥. Day s6 hitu han {az|0 < k < n} c6 ham
sinh la:

n

+oo
F(z) = Zakxk = Z CFa* = (x4 1)" (2.3)
k=0

k=0

0 day ta hiéu ap = 0, Vk > n.

Nhan xét 2.1.2. O (2.3) ta da st dung bién ddi ciia hé s6 nhi thic: He s6 nhi thic CF 1a
heé s6 ctia ¥ trong khai trién ciia nhi thitc:

n

(x+1)" = Y. Cha*
k=0

16
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c) Dit ag = bg = 0, ag 1a s6 cac s6 nguyen duong < k ma nguyén t6 cing nhau véi
k va by 1a sd u6c sd nguyen duong ctia k, Vk > 1. Cac day s6 vo han {ax|k > 0} va
{b|k > 0} ¢6 cac ham sinh lan lugt 1a:
+oo
F(x) :Zakxk:$+x2+2x3+2m4+... (2.4)
k=0

+oo
G(z) =) bea® =2+ 22 +22% + 32" + . (2.5)
k=0

Dé ¥ ki thi Vk nguyén t6 > 2, ta c6 ar, = k — 1 va by, = 2.

Nhan xét 2.1.3. O 2 ham sinh (2.4) va (2.5), can nhic lai mot s6 kién thitc vé ham s6 hoc:
Dit n = p“1py®2...pp®* 14 phan tich tiéu chuan ctia n > 1.

e Ky hieu d(n) 1a ham s6 cac wdc nguyén duong ctia n. Khi dé:

d(n) (a; +1) =(a1 + 1)(a2 +1)...(ax + 1) (2.6)

-

e Ky hieu ¢(n) 1a ham sb cic s6 nguyén duong khong vuot qui n va nguyén t6 cing
nhau v6i n. Khi doé:

k
Py =03 (1= =) =n(l = )1 = )1 - ) (2.7

Di D1 P2 Dk

§2.2 Bai toan tim sb6 nghiém nguyén cta phudng trinh

Ta sé bat dau véi mot vi du nhu sau:
Vi du. Vk > 0, dit ay, 14 s6 cach chon k vién keo tit 1 vién keo dita, 2 vién keo chanh, 3
vién keo me va 4 vién keo giing. Viét ham sinh cia day s6 hitu han {ax|k > 0}.

Chatng minh. Yk > 0, aj 1a s6 nghiém nguyén clia phuong trinh ey + e + e3 + e4 = k v6i
0<e <i(l<i<4)trong dob ey, ea, e3 va ey lan lugt 1a s6 vien keo dira, chanh, me va
gung.

Dé viét ham sinh ctia {ax|k > 0}, ta xay dung cac da thitc sao cho khi nhan chiing
lai v6i nhau, ta dudc tat ci cac s6 hang c6 dang z¢1z®x®x%, trong d6 0 < e; < i
(1<i<4).

Nhu vay ta xay dung cic da thic: (1 + ), (1 + 2 + 2?), (1 + 2 + 22 + 23) va
(14 2+ 22 + 23 + 2*) 1an lugt cho eq, ez, e3 va ey.

Do d6 ham sinh cua day {ag|k > 0} la:

Flx)=1+z)-A+z+2?) - Q+z+2>+2%)  (1+z+22 +2°+ 2% (2.8)
=1+ 4o + 92° + 1523 4 202 + 220 + 2025 + 1527 + 92° + 429 + 210 (2.9)

O]
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Nhan xét 2.2.1. O vi du trén ta da tim duge ham sinh cho ay, 1a s6 cach chon k vién keo
tir 1 vién keo dura, 2 vién keo chanh, 3 vién keo me va 4 vién keo ging, la:

F(z) =1+ 42 + 922 + 152 4 202* + 2225 + 202° + 1527 + 928 + 42° + 2 (2.10)

Ta nhin vao nhitng hé s6 a; (0 < i < 10) c¢6 thé biét duge ngay s6 cach chon ra i vien keo
thda yéu cau bai toan. Vi du as = 20 nghia 1a c6 20 cich chon ra 4 vién keo tit 1 vién keo
dira, 2 vién keo chanh, 3 vién keo me va 4 vién keo ging.

§2.3 T tim hé s ham sinh dén bai toan t8 hdp cd ban

Ta st dung cac ky thuat tinh toan dai s6 dé tim cac hé sb ciia cac ham sinh. Ta sé bién
d6i mot ham sinh phiic tap vé ham sinh kiéu nhi thitc hosc tich ctia cac ham sinh kiéu
nhi thitc bang cach ap dung cac cong thic dai s6 6 Ménh dé 3.2.1

Vidu 1 — Tim hé s6 ctia 220 trong (23 + 2% + 25 +...)4
Lai giai. Trudc tién ta c6 nhitng bién ddi sau:

“+o0o
1
4 4 4 k k
@ +at+a®+ ) =20t ata’ ) =2 =2 CF b (210)
(1—2x) Py
Tit day ta suy ra he s6 ctia 220 trong (23 + 2* + 2° + ...)* chinh 1a hé s6 ciia 2® trong
biéu thic Cf, 5 - 2. Thay k = 8 vao CF, 5 - ¥, ta 6 duge he s6 can tim la Cf) = 165,

Vi du 2 — 20 ban quyén gép vé cho hoc sinh ngheéo. Ban dau tién gép 1 hodc 2
hodic 5 cudn vé. 19 ban con lai mdi ngudi gép 3 hodc 4 cudn vé. Hoéi ¢6 bao nhigu
cach quyen gép dé thu duge 76 cudn vé ?

L&i giai.

Vk > 0, dat ag 1a s6 cach quyén gop k cudn vé clia 20 ban da néi & trén.

Ta can tim a7 = s6 nghiém nguyén clia phuong trinh e; + e + ... + eyg = 76, trong
do ey € {1,2,5} vae; € {3,4}, v6i 2 < i < 20.

Ham sinh cta {ag|k > 0} 1a:

F(z) = (z+2? +25) (a3 + 2H0 =281 + 2 + 2H (1 + 2)¥ (2.12)

Muén tim hé s6 ciia 276 trong F(x), ta tim hé sb ctia z1g trong (1 + = + z4)(1 4 z)1°.
Ta dat cac da thuc sau:

+00
f(x):Zbk-:vk:1+x+x4 (2.13)
k=0

400 19
g(x) :ch-xk: (1+x)19:ZC{“9-:Uk: 14 Cly-at +C% - 22+ ...+ CLy - 21°
k=0 k=0
(2.14)
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+o00
hz) =Y dp-a"=(1+z+2")- (1+2)" = f(z) glx) (2.15)
k=0

Ta nhan thiy chudi h(z) thdéa man tinh chat la mot tich Cauchy cta cac chudi f(z) va
g(x). Ap dung Tich Cauchy hay Dinh 1y vé Quy tic xodn (c6 thé coi & 3.2.1), ta
dugc:

18
dig = Z bicig—i = by - c1g +b1-c17+ by ciy
i=0
=115 + 175 + 195 = 19 + 171 + 11628 = 11818
Vay c6 11818 cach quyén gop dé thu duge 76 cudn veé.

Vi du 3 — C6 bao nhiéu cach xép 30 bit y hét nhau vao 8 hop sao cho hop 1 c6
khong qua 12 bt v cac hop con lai méi hop c6 it nhat 2 but ?

Loi giai.

Vk > 0, dat ay, 1a s6 cach xép k bit vao 8 hop thoéa yéu cau clia bai toan.

Ta can tim asg = s6 nghiém nguyén ctia phuong trinh e; + eo + ... + eg = 30, trong
do0<er<12vae; 22v62<1<8

Ham sinh cta {ag|k > 0} 1a:

Flz)=(0+z+2®+..+22) (@ +23+2* +..)7
=z (I4+z+t2?+ .+ Qtat+a®+.)

Muén tim he s6 ciia 2% trong F(z), ta tim he s6 ctia 2'¢ trong biéu thic:

hz)=0+z+..+2?) - Q4+z+22+..)7

1—at3 1 13 1
v (- (1-2)
+o0o
:(1—:613)-(C’?-xo—i—Cé-a:1+C’92-x2+Ci)’0-x3+...):Zak-xk
k=0

Nhu vay he s6 can tim 1a ajg =1 C3§ — 1. C3, = 245157 — 120 = 245037

Vi du 4 (Chon doi tuyén PTNK 2009) — C6 bao nhieu s6 c¢6 n chit s6, ma cac chit
s6 thuoc tap {2,3,7,9} va s6 do chia hét cho 3?
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3 Céc ndi dung - cong cu hd trg tinh toan

§3.1 Khai trién Taylor va Mac-laurin

4 N\
Theorem 3.1.1 (Nhi thiic Newton md rong)

V6i moi n € R va |z| < 1, ta co:

n
@+1)"=> Chab=Cl+CL-a+Cl-2®+..+Cp 2™ +C 2™ (3.1)

k=0
. 4
Chitng minh. Ngudi doc c6 thé tham khao thém vé chuyeén dé Nhi thitc Newton ciing
nhu cach ching minh lai cac cong thitc & Nhi thitc Newton O
4 N\

Theorem 3.1.2 (Khai trién Taylor véi phan du Peano)

Cho ham s6 f kha vi dén cAp n — 1 trén mot lan can U ciia xg va ton tai £ (zq).
Khi d6 ta c6 cong thiic khai trién Taylor cap n ctia ham f tai zg véi phan du Peano
sau day:

£ (o)

(x —x0)2+ ... + T(az —x0)" (3.2)

f'(z0)
1!

#(0)
2!

f(@) = flzo) + (x — o) +

+9((x — 29)™) khi  — xo.

S6 hang J((z — z0)") dudc goi 1a phan du Peano va duge dinh nghia la biéu
)

I((z — z0)")

thitc sao cho — 0 khi z — xg.

(x — x)" .
/ 1 n
Da thee T f 00 () = F(@o)+ 10 (2 L0 (@ — a2 LD gy
dugce goi la da thic Taylor bac n cta f tai xg.
. J
Chatng minh. Ta can chitng minh gi6i han sau:
=T n,xr
L= lim L&) = Tha(@) _ (3.3)
Tz (x — x9)

. .. 0 .
That vay, cha y giéi han can tinh 1a mét dang vo dinh 0 nén ta c6 the ap dung quy

tdc L’ Hopital dé tinh giéi han d6. Dé khit hoan toan dang vo dinh ta can dao ham n — 1
lan t1t s6 vA mau s6 clia gi6i han can tinh. Khi d6 ta sé thu dugc gidi han sau day:

i £070@) = £V (@) = £ o)z — a0)

z—o nl(x — zo)

(3.4)
RG rang giéi han cubi ciing nay bing 0 theo dinh nghia ctia £ (xq). Vay L = 0. Ta c6

diéu phai chitng minh!
]
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Nhan xét 3.1.3 (Khai trién Taylor). Day la phét biéu ngan gon va so cap hon cho khai
trién Taylor

Cho ham s6 f(z) kh& vi vo han lan tai z = a v6i a 1a mot s6 thuc, khi d6 f(z) c6 thé
dugc khai trién nhu sau:

f'(a)
1!

f"(a)

n!

f"(a)

5 (x—a)?+..+

(x—a)" + .. (3.5)

(x—a)+

Trong d6 f(™(a) 1a dao ham n lan ciia f tai © = a. Khi cho a = 0, ta c6 dugc khai trién
Mac-laurin:

4 , )
Theorem 3.1.4 (Khai trién Mac-laurin)
Cho ham s6 f(z) kha vi vo han 1an tai z = 0, khi d6 f(z) c6 thé dugc khai trién
nhu sau:
/ 1
0, 110

(n)
f(z) :f(O)—i-T:c 5 —i—...—i—fn!(o)x”—i-... (3.6)

. J

§3.2 M@ét sb cong thirc khai trién dai sb

Ménh dé 3.2.1 — Ta c¢6 mot sé cong thitc dé thuan tién tinh toan nhu sau:

k=0
(m,n > 1)
Q) == 3 oF = Ltata?tad b i = > (~1)fek = 1wty
= T = r+x T ... Va = — r =1—-Tr+xr" —x
-z = l+z =
1

+o0o
w = kZO Chinny T =Chy 2°+Cp 2" +C2 2+ Chy 2%+

)T )

s 2

§3.3 M6t sb ndi dung gidi tich quan trong khac

0 trén, ta da giéi thiéu mot dinh nghia can ban ctia ham sinh. Tuy nhién, ciac khai
niém tac gia dua ra trong chuyén dé nay chua chiic 1a chinh xac va chuan nghia ma chi
dé dé dang dién dat nhitng ¥ muén néi clia tac gid cho cac bai toan.

Nhu & duéi day, ta sé viét lai dinh nghia ham sinh theo mot cach khac dé thuan tien
cho phan nay.
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4 )
Dinh nghia
Cho mot day sb (ay); 29 thi ta goi A(z) la ham sinh ctia day sb trén néw:
+oo
A(z) = Zan-x” —aptar-T+az 22+ .. 4a, "+ .. (3.7)
k=0

Ta c6 thé ky hiéu khac nhu sau:

(ag,a1,a2, ..., A, ...) <> A(x) (3.8)

hay

(ag, 1,02, .y p,..) S ag+ a1 -z +ag 2%+ ... Fa, 2"+ ... (3.9)
. 4

Duya trén dinh nghia vita i ctia ham sinh thi ta c6 mot s6 cac phép toan trén ham
sinh nhu sau:

Quy tac cong. Néu (fo, f1, f2,...) < F(z) v& (g0, g1, g2, ...) +> G(x) thi:
(fo+ g0, fr+ 91, f2+ g2...) < F(x) + G() (3.10)
Quy tic dich chuyén sang phai. Néu (fo, f1, fo,...) <+ F(x) thi:
(0,0,...,0, fo, f1, f2,...) <> z¥ - F(x) (3.11)

trong dé k 1a s6 s6 0.
Quy tic dao ham. Néu (fy, f1, fo,...) <> F(z) thi:

dF (zx)

(f1,2f2,3f3...) -

(3.12)

Ménh dé 3.3.1 (Tich Cauchy clia cic chudi liiy thira hinh thitc) — Goi 1an lugt 2
+0oo +o00o
chudi hinh thic f(x) = 3 ap - 2F va g(x) = 3 by, - 2*
k=0

k=0
+oo
Dat h(z) = f(z)g(z) = 3 ¢ - 2¥ thi khi dé:
k=0
k
CLp = Zai cbp_; =ag - by +a1-bp_1+ag-bg_o+..+ap by, Vk =0 (3.13)
1=0

O day, chubi h(z) duge goi la tich Cauchy clia céc chudi f(z) va g(x). Néu la
ap dung cho céc ham sinh thi ta ciing c6 thé ding thuat ngit tuong tu 1a Quy tic
X0an.
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4 Cac khai niém mad rong tr ham sinh

Trong chuong nay, tac gid trinh bay mot s6 noi dung mé rong tit khai niém ham sinh
thong thuong, bao gom: Ham sinh ctia s6 phép phan hoach, Ham sinh mii vd Ham sinh
da bién. Ham sinh xac suat ciing 13 mot noi dung tha vi, song ta khong ban luan chi
dé nay vi cdc noi dung dugde trinh bay chii yéu phuc vu cic ban hoc sinh thi Olympic
Toan cap THPT. Ban c6 thé tham khao vé Ham sinh x4c suat tai day

§4.1 Ham sinh cia phép phan hoach

§4.1.1 Su phan hoach sb nguyén dudng

Dinh nghia (Su phan hoach clia s6 nguyén duong)

Cho s6 nguyén duong n. Néu c6 cac sd nguyén duong nq,na, ..., n, thoéa ny < ng <
. <Ny vA Ny +ng+ ... +n, = n thi ta néi (nq, ne, ...,n,) 12 mot phép phan hoach
ctia n. Khi d6 phan hoach (n) 1a phép phan hoach tam thudng cia n.

Vi du. 6 ¢6 11 phan hoach 1a (6), (1,5), (2,4), (3,3), (1,1,4), (1,2,3), (2,2,2),
(1,1,1,3), (1,1,2,2), (1,1,1,1,2) va (1,1,1,1,1,1).
Ta néi (6) la phép phan hoach tam thuong cta 6.

§4.1.2 Ham sinh ctia phép phan hoach

Ta xay dyng ham sinh cho day vo han {ax|k > 0} v6i a, = 1 va ay, 14 s6 phan hoach ciia
s6 nguyen duong k, Vk > 1.

Mot phép phan hoach ctia k dude xac dinh khi ta biét s6 lugng cac s6 nguyén duong 1,
2, 3,..., k dugc st dung trong phép phan hoach dé.

Goi e; 1a s6 lan s6 nguyén duong i dude ding trong mot phép phan hoach ciia k
(1 < i< k), ta c6 phuong trinh:

1'61+2'62—|—...+k'€k:k‘ (41)

Nhu vay ay 1a sé nghiém nguyeén khong am ctia phuong trinh (4.1). Ta sé xay dung céac
da thiic sao cho khi nhan céc da thitc d6 v6i nhau, ta dude cac sd hang c6 dang:

el 2eo 3es |

AR IR ogher (4.2)
Ta lan lugt xay dung cac da thic 1+ 2 + 22 + 2% + ... (cho e1), 1 + 22 + 2% + 20 + ...
(cho 2-e3),... va 1+ aF + 2% 4 2%% 1 . (cho k- e;).

Nhu vay ham sinh can tim la:

Flz)=(14z4+224+2°+.)- Q+22+22+25+.) - QA+ 2"+ 22 423+ )
1
(1—x)~(1—:c2)---(1—xk)-~-
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§4.2 Ham sinh mu

§4.2.1 Dinh nghia

4 )
Dinh nghia (Ham sinh mi)

Cho day s6 thuc vo han {ai|k > 0}. Ham sinh mu cta day {ag|k > 0} la chudi liy
thura hinh thtec:

+oo
N % k_% @ 1 %2 o 43 3
E(a:)—zk! T —0!—1—1! m+2! x+3! o+ ...
k=0
g 4

Ménh dé 4.2.1 — Tit dinh nghia trén ta ciing suy ra dugc ménh dé sau:
Day s6 thuc hitu han { axlp < k¥ < ¢} (0 < p < ¢) ¢6 ham sinh mi van 1a
o qy,

+
E(x) = kZO i x® nhung véi quy udc a, = 0 khi k < p hoac k > ¢.

Vi du.
a) Day vo han { a; = (- 2)"k! | k >0} va day hitu han { b, = k?In(k) | 3 < k < 20}
c6 cac ham sinh ma lan lugt 1a:

+oo

B(z)=Y % o =120 +40° — 8 + ... (4.3)
prd k!
va
— bk x_ 3 3 2 4 20 20
Gz)=) —-2"=—-(In3)-x> + =(Ind) -x* + ... + —(In20) - x (4.4)
Pt k! 2 3 19!

O day ta hidu by, = 0 khi k < 3 hoiic k > 20.

b) Xét tap hgp X ¢6 | X| =n > 1. Dat ax 1a s6 cach chon ra k phan tit trong X roi
xép vao k vi trf ma khong xép tring, Vk € {0,1,2,...,n}, thi khi d6 ta c6 a, = A*. Day
htu han {ax|0 < £ < n} c6 ham sinh mu la:

+oo a n Ak n
Bla)=) 75" =) Jra" =) Gt =(@+1) (4.5)
k=0 k=0 k=0

0 day ta hiéu a,, = 0, Vk > n.

8§4.2.2 Cac cdng thirc co ban dung cho ham sinh mii

Ménh dé 4.2.2 — Ta c6 mot sb cong thitc dé thuan tien tinh todn nhu sau:
) et oo gk x x2 23
a) e’ = —=14+—=4+ =4+ —+ ...
i=o k! 2t 3
T (n-x) nr n?-z2 nd.23
nr __ — -
b) —kgo = I+ g+t F
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e 4 efx +00 x2k 1,2 .%‘4 .%'6
et _ e +00 ZL‘2k+1 T 1'3 1,5 .’L‘7
d) —— = B Tz o
) 3 kEZZO ke nrtatEta e
+00 $k IL‘2 xS 1,4 "
In(1 =S (-l —p oy D (D)
O Inl+a)= 3 (- me - T T - T Dy

O day cac cong thic tir (b), (¢) v (d) dudc suy ra tit (a). Cong thic (a) va (e) ta sé
chitng minh bing khai trién Mac-laurin nhu sau:
(a) Xét ham sb f(z) = e® kha vi tai = 0. Khi d6 ta d& dang c6 duge f(V(z) =

f(z) = €*. Theo Mac-laurin, f(z) dugc khai trién nhu sau:

/ " (n)
o = 1) = f(0) + T a y T2y Oy
1O, 0, IO

= fO) + e+ +o+

IR 1
+i$+§x + . —i——x + ..
12 n
—14+ Gt ottt
(e) Xét ham s f( In(1 + ) kha vi tai = 0. Khi d6 ta quy nap ching minh dugc
|

T) =
f™(z) = (=)t ((;L D' ki do:

+x)"
F0) = (=1)" - (n - 1)!
f (O) _ ( 1) (n 1) _ ( 1) o f (0) - (_1)n—1£
n! n! n n! n
Vay theo Mac-laurin, f(z) dugc khai trién nhu sau:
(0 " ()0
ln(l—i-x):f(x):f(O)—i-fl(')x+f2() + .. —f—fn'( )$”+
2 23 2t no1 "
—ln(1)+x—?+§—z+...+(—1) ot
2 23 2t ne1 "

§4.2.3 Ham sinh mii &ng dung trong cac bai toan dém cé yéu ciu sip thi tu

Ham sinh dung trong cac bai todn dém s6 nghiém nguyén cé diéu kién clia mot phuong
trinh. Ham sinh mi duge diing c¢6 hiéu qué trong cac bai toan dém c6 yéu cau thém

viéc sip xép thit tu.

Vidu 5 — VEk >0, dat aj 1a s6 cach sip xép c6 thit tu k vat chon tit n loai vat
khéac nhau. Tinh ay, Vk > 0

E +°oak k_ (1 r 2 a3 n
=2 g =0y g gt
k=0
2 2 3 3
onx n-r n°-x n’-x
=" =1+ T + o1 + 3 +
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k
T day suy ra Vk > 0 B _

] %, nghia 1a a; = n* O

Vidu 6 — Vk >0, dit ay 1& s6 cach sap xép k khach vao 3 phong khic nhau sao
cho khong c6 phong trong. Tinh ay, Vk > 0

Chitng minh. Trude hét, ta ¢6 ham sinh mi cia {ax|k > 0} la:

+°°3k N +oo2k N +o00 .

k=0 k=0 =

X3k -3.2h43 .

— o _

k=0

3F—-3.2F4+3

Vaytasuyraw>1thi%:TjL.Dodéaozovaak:3’f—3.2k+3,
Vk>1 ' ' O

Vidu 7 — Vk >0, dit ay 1a s6 chudi ky tu c6 k mau ty lay tit {u, v, w,t} sao cho
trong chudi xuat hién w it nhat 2 1an va ¢6 w. Viét ham sinh mi cta day {ax|k > 0}.

Chitng minh. Yk > 0, xét phuong trinh nhu sau:
e1t+ext+es3+es=k (46)
trong do6 eq, es, €3, e4 lan luct 13 s6 lan xuat hién clia u, v, w va t trong chudi cé k

mau tu(e; =2, e3 >0, e3> 1, eq > 0 va cac e; déu nguyén)
Mai nghieém (eq, €2, €3, e4) clia phuong trinh (4.6) trén cho ta s6 chudi ky tu la:

el +ex+e3+ey)! k!
(e1t+extestes) (4.7)
61!62!63!64! 61!62!63!64!
. - k!
Day 1a so phép hoan vi lap trén chuoi ky tu. Tac6 VE >0, ap, = > ————.
e1leslesley!

a Il 2 €3 g4
T day ciing suy ra & .gh=32 2 2 T
k! 61! 62! 63! 64!
C6 thé nhan thay ci hai tong trén déu lay trén tat ci cic nghiém (e, e, e3,e4) clia
phuong trinh (4.6).
D@ viét ham sinh mi ctia day {ax|k > 0}, ta xay dung cic da thiic sao cho khi nhan
. . T 2 o g
chiing lai v6i nhau, ta dugc tat ca cac s6 hang c¢6 dang — — — — ma trong dé e; > 2,
61! 62! 63! 64!

vik=e1+e+e3+ey.

e >20,e3>1vaeqs > 0.
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Ta viét ham sinh mii ctia day aj nhu sau:

+o0
2 JZ3 1’4 T a;2 a:3 T $2

B(@)=) —7-a ( T )(1,‘1‘*4‘?4' A+ TR )?
= —1—xz) (1) ¥ =(e*-2.6"+1—z-e"41) ¥

:64$—2-63z—$-63$—|—€2$—|—l’-62$

+oo 4k +oo 3k +oo gk +oo ok +oo ok
_ k k
= -2y et Z x+Z —wy o
k=0 k=0 k=0
+oo 4k N +oo 3k k: +o0 2k N
_ - _ 9. +1 +1
= a2 Z ae T Z B
k=0 k:O k=0

Dé ¥ ag = 0, ta bién déi cac tong lay tir s6 hang k = 1 tré di thi dugc ham sinh mii
cia {ag|k > 1} la

TX 4k I gk I gk-1 IX 9k X 9k-1

1+Z +Z Zl(k—l +Z Zm

=1
3k—1 2k—1

4’f 3k 2k
—(1-2+1 kol . = =2 =
(1-2+ H;x <k:! M= R (k:—l)!)

§4k—2-3"7—k5-3’“_1+2k—k-2k_1 .

- k! o
k=1
Z —(6+k)- 314 (24 k) 21 ok
— o .

Vay ta suy ra Vk > 1 thi:

ar AP —(6+Fk)- 31+ (24 k) 281

i o sa,=4"—6+k) -3+ @2+k) 28!

O]

Nhan xét 4.2.3. O vi du 6, yéu ciu clia dé la Tinh aj, nén sau khi da tim ra cong thc
cia ham sinh mil, ta tiép tuc ap dung céc cong thiic & Ménh dé 4.2.2 dé tim cong thiic clia
ay theo k. Con & vi du 7, yéu cau chi 1a Viét ham sinh mii ctia day {a|k > 0} nén ta
c6 thé dimg lai & budc:
Rap , ,x2 LB z z2 23 x?
BE@=) =G+ttt )(1,+—+§+ )(1+1|+§+ )?
k=0
Véi vi du 6, ar, = 3¥ —3-2F + 3, Vk > 1, ta c6 thé hiéu nhu sau: S6 cach sip xép k khéch
(k > 1) vho 3 phong khac nhau sao cho khong c6 phong trong 1a 3F — 3 -2F + 3. Vi du: S6
cach sip xép 4 khach vao 3 phong khac nhau sao cho khong c6 phong tréng 1a ay = 36.
Véi vi du 7, ap = 4% — (6+F)- 3F1 4 (2+k)- 21 Vk > 1. Diéu nay c6 thé hiéu nhu
sau: S6 chudi ky tu ¢6 k méau tu (k > 1) lay tu {u, v, w, t} sao cho trong chudi xuit hién u
it nhat 2 1an vh c6 w 1a 48 — (6 + k) - 3K=1 + (2 + k) - 2871, Vi du: S6 chudi ky tu c6 4 miu
tu lay tir {u,v, w,t} sao cho trong chudi xuét hien u it nhét 2 1an va c6 w 13 ay = 48.
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Vidu 8 — VEk >0, dat ay, 1a s6 cach xép c6 thit tu k vat dude chon tit 5 loai vat
khéac nhau sao cho loai 1 va 2 c6 it nhat 3 vat cho mdi loai, loai 3, 4 va 5 c6 s6 vat
tt 2 dén 4 vat cho mdi loai. Viét ham sinh mi ctia day {ax|k > 0}.

Chitng minh. Ta c6 ham sinh ma cta {ax|k > 0} la:

T 3 4 5 6 2 .3 4
SNk p_ @ 2t ab af pae? e et
E(z) = L= (3,+ +5,+6+)( +3,+ )
k=0
O
Vidu 9 — Vk >0, dit ay 1a s6 cach xép k ngudi vao 5 can phong khac nhau sao
cho khong c6 phong nao tréong, phong 4 va 5 ¢6 s6 ngudi & moéi phong 1a boi s6 clia
3. Viét ham sinh mi ctia day {ax|k > 0}.
Chitng minh. Ta c6 ham sinh ma cta {ax|k > 0} la:
oo 2 3 4 3 460 49
L N ror . r ror T
E@ =) 7 ( i tortgrtr T )(3,+6,+9,+ )?
k=0
O
Vi du 10 — Vk > 0, dit a; 1a s6 cach xép k ngudi vao 4 can phong khac nhau sao
cho phong 1 va 2 ¢6 khong qua 3 ngudi cho méi phong, phong 3 ¢6 s6 ngusi chin va
phong 4 ¢6 s6 ngudi 16. Viét ham sinh mi cta day {ag|k > 0}.
Chitng minh. Ta c6 ham sinh mu cta {ax|k > 0} la:
oo 72 3 2 4 6 23 5 7
_NN 2 @l ot et af 2t o ol
Bla)=) i@ _(1jL ity ) A Gt +3,+ +oy -
k=0
O

§4.3 Ham sinh da bién

Thong thuong, dé biét théng tin vé mot diy s6 ta xét ham sinh cho day s6 d6. Déi véi
cac bai toan doi héi cong thitc tuong minh cho sé hang ciia day hoic ching minh dang
thitc vé day tic 1a ta chi can nim bat dudc mot thong tin ve day, khi d6 ta chi can
xét ham sinh cho mét bién.

Vay thé nao la “thong tin™? Ta sé gan cho mdi mot thong tin tng v6i mot bién. Vi dy,
véi mot phan tt a ciia diy ta c6 hai Iga chon 13 hoic a duge chon hoiic 14 né khong duge
chon, do d6 biéu dién ham sinh cho a 1a 2° + 2! = 1 + 2 nhu vay ta c6 ham sinh cho day
gdm n phan ti duge chon la (1 + z)" O day thong tin 1a sy xuit hién ctia phan ti
trong day.

Vi du 11 — [Chon doi tuyén PTNK 2009] C6 bao nhiéu s6 c6 n chit s6, ma cac
chit s6 thuoc tap {2,3,7,9} va s6 do chia hét cho 3?7

Ta tiép can bai toan mdé dau phan Ham sinh da bién nhu trén

28

)



Lé Hoang Vi (Ngay 4 thang 1 nam 2025) Tuyén tap chuyén dé chon loc 2024

Nhan xét 4.3.1. Nhu & phan Ham sinh di gidi thiéu, khi ta can biét chinh x4c cong thiic
clia day, thong thuong ta chi tinh dugc he sé hodic gia tri cia ham sinh tai diém nao dé
(nhu thé 1a qua du).

Ta dua s cac dai lugng can tinh vé viéc tinh hé sé cia ham sinh. Tuy nhién déi véi Vi
du 11 lai khac. Dai lugng can tinh lai 1a tdng clia vai s6 hang nao d6 cia day, do do loai
ham sinh ta can xét 1a day cac s6 mii trong ham sinh.

O phan Ham sinh da bién nay, ta sé lam quen v6i sy két hop gitta ham sinh véi sb
phitc dé tinh toan. Noi dung nay khong con xa la ma da timg dude lén bai viét clia thay
Diang Hung Thing trén tap chi Toan hoc & Tudi tré: “Dung cai 4o dém cai thuc”.

§4.3.1 Dinh Iy

Ngudi doc sé can nim ving nhitng ndi dung cd ban sau day dé nim b#t toét hon phan

nay:

[
Dinh nghia (Cin nguyén thly cda don vi )

. o 2kn . 2km .
Can bac n cta don vi la cac gia tri e, = cos — +4-sin— v6ik =0,1,2,....,.n—1
n n

(c6 tat ca n gia tri).

2km
Khi d6 thi e, — e 7 va xét k bat ky tit 1 dén n — 1, ta duge:
2k 2k
ep = (cos T sin —7()” = cos(2km) + i -sin(2kmw) =1 (4.8)
n n

Do dé6 ta c6 thé thay cac gia tri e, nay déu la nghiém ctia phuong trinh " = 1.

Can nguyén thiy bac n cia don vi la cic s6 € sao cho €” = 1 sao cho
tap hop {E, g2, ..., 5”} c6 ding n phan tit hay tap hop nay la tat ca cac can bac n
cuaa 1.

~

J

Nhan xét 4.3.2. O (4.8), ta da bién déi bing cong thic Moivre:
(cosp +1i-sinp)™ = cos(n - ) +1-sin(n - )

Ngudi doc ¢6 thé tham khao mot vai kién thitc cin ban vé sd phiic 6 day

[
Theorem 4.3.3

Néu ged(n, k) = 1 thi g 1a mot cin nguyén thily bac n ctia don vi.
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4 N\
Theorem 4.3.4
Xac dinh e = e%™/™ v6i n 13 mot sé nguyen duong. Xét da thitc bat ky:
F(@)=fot+fi-a+fo-a®+..
Trong d6 f = 0 véi k > deg F. Khi d6 ta c6 tong:
1 _
fot fat font o=~ [F(1) + F(e) + ... + F(e" )]
. J
Chatng minh. V6i k nguyén duong, xét tong s, nhu sau:
n—1 .
S = Zs’” =1+ 42k 4 4 elnDk (4.9)
§=0
Nhan xét 4.3.5. Dé y 1a dinh 1y 4.3.7 ¢6 thé viét lai nhu sau:
_ 27 - k- g p
ol PR {n néu n|k
iz 0 néu ngugc lai
Dén day ta chia 2 truong hgp ctia k dé ap dung dinh 1y 4.3.7 v6i tdng sj.
e V6i k théa n|k thi sy = n.
e Véi k sao cho k khong chia hét cho n thi s = 0.
Khi dé ta tinh dugc tong sau:
+00
F)+F(E)+ ..+ FE" )= firsi=fo-so+ fr-s1+fa-s2+ ...
i=0
=n-fo+ 0-fi+...4+0-foo1 +n-fo+...+n- fonp + ...
céc téng s; nay déu bing 0
=n-(fo+ fot fon +..)
Vay ta suy ra dugc két qua nhu sau:
1
fot fot fon+ o= —- [F(1) + F(e) + ... + F(e"™Y)] (4.10)
Day 1a diéu phai chitng minh!
O
\

-
Theorem 4.3.6
Dao ham ctia ham s6 F(z) =[], fi(x), trong d6 fi(x) la cdc ham kha vi véi bién
z, la:

fi'(x)
i

Fl(z) = F(z)- > @)
=1
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Chaing minh. Dinh 1§ nay c6 thé chitng minh don gidn bing quy nap theo n.

Vé6i n = 2 ta ap dung quy tac tinh dao ham ctia tich hai ham s6. O
4 N
Theorem 4.3.7
Gia st n, k 1a cac s6 nguyen duong, n > 1. Khi do:
_ 2m-k-j )
= - J n—1 néunlk
) SORETEE
= -1 néu ngugc lai
. J
Chatng minh. Dau tién, xem xét chudi hinh thitc & trén:
1 6—i27r/n 6—i47r/n 6—i27rk/n e—i277(n—1)k/n (4 11)
2 -k-j L
Néu n|k thi e n = e 2mk"J y6i k' = = 1a mot s6 nguyen duong. Theo Cong
n
thic Moivre thi
ek — cos(—2mk’ - §) + i - sin(—27k - j) =1 (4.12)
Do d6, téng cac phan tit ctia day sé la:
n—1 _7’27Tk] n—1 n—1
j=1 j=1 j=1

Ngudc lai, néu n khong chia hét cho k, titc 1a ged(n, k) = 1, ta sit dung tinh chat quan

0.
i<6+(n — 1)0&)
‘ P/ sin (%)

trong ciia phiic s6 e':
n (3)
sin ( —
2

i 4 oil0+a) | i6+20) | i(6+(n—1)a) _

5 . 21k
Oday,layﬁz()vaazi,tacé:
n

1+ o i2mk/n + o idmk/n +ot e—i2n(n—1)k/n _ e~k sin(7k)

sin(wk/n)
V6i sin(mk) = 0 khi n khong chia hét cho k, nén ta suy ra:
L imk-j
Ze_ n _ e—i27rk:/n + e—i47rk/n + o+ e—iQﬂ(n—l)k/n —0—-1=-1 (414)
j=1

Vay neén, tit (4.13) va (4.14) ta c6 thé viétlai két qua nhu sau:

n—1 P
Z T K 1 néunlk
= -1 ngugc lai

Day 1a diéu phai chitng minh! O]
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4 N\
Theorem 4.3.8
Xét e = 2™/P v6i p 1a mot s6 nguyen t6. Khi do:
p—1 Z
=0 0 néu ngudgc lai
. J
Chitng minh. Day 1 hé qua tryc tiép tit dinh ly 4.3.7 O

§4.3.2 Ham sinh da bién trong cac dé thi Olympic

Bai toan 4.3.9 (Chon dbi tuyén PTNK 2009) — C6 bao nhiéu sb c6 n chit s6, ma
céac chit s6 thuoc tap {2,3,7,9} va s6 d6 chia hét cho 37

Chaing minh. Ta c6 mot s6 chia hét cho 3 khi va chi khi téng cac chit s6 ctia n6 chia hét
cho 3. Nhu vay yéu cau bai toan tuong duong véi viec tim s6 cac s6 ¢6 n chit s6 ma tong
cac chit s6 clia n6 chia hét cho 3.

Ta nhan thiy mdi chit s6 ctia nhitng s6 dang tim nay nhan gia tri thuoc tap {2, 3,7,9}.
Do d6 ham sinh cho méi chit s6 sé la:

2? +2® + 27 +2°
Xét ham sinh nhuv sau:
Fa)=@?+2®+a"+2)" = fo+ fr-a+ fo-2® + o+ fon -2 (4.15)

Trong d6 f 14 s6 cic 86 c6 n chit s6 tit tap {2,3,7,9} ma c6 tdng cac chit s6 1a k.
Nhu vay s6 cac s6 thoa la tong sau:

3n
AZZan’ =fo+ f3+ fo+ ... + fon (4.16)
=0

Nhan xét 4.3.10. Dén day ta c6 thé ap dung dinh 1y 4.3.4 dé gidi nhanh ra két qua. Tuy
nhién & phan trinh bay nay ta sé coi nhu chua biét dinh 1y trén vi trinh bay cac buéc tuan
tu.

Xét ¢ = e?7/3 13 can nguyén thiy bac ba ciia don vi, tic 1 ¢ 1a nghiem cla
phuong trinh 23 = 1.
1-¢3 0
Titdaytacoe£1val+e+e?= 7 - T = 0. Day chinh la dugc suy ra tu
—€ —€
dinh ly 4.3.8.
Khi d6 ta tinh dugce

F)=fot+tfi+fotfo+fat..
Fle)=fo+th-e+fo-&+fst+fa-etfs-4..
F(52)=f0+f1'€2+f2‘€4+f3+f4'€2+f5‘€4+...

=fo+fi-e2+foetfat+fo-e2+fs-e+...
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Cong vé theo vé, ta suy ra:

FO)+F@E)+FEH =3 -fo+(Q+e+ed)-fi+Q4e+e?) - fo+3-f3+..
=3 (fo+fs+fe+.)=3-A

Vay ta c6 cac s6 c6 n chit s6, chia hét cho 3 ma céac chit s6 thuoc tap {2,3,7,9} la:

S
Il

[F(1) + F(e) + F(%)]

JA+ 141+ )"+ (@ + 14+ )" +(e+14+2+1)"]

Wl Wk Wl

(4" +2)

Bai toan 4.3.11 — Tim sb cac tap con clia tap S = {1,2,3, ...,2024} sao cho tong
céc phan t clia n6 chia hét cho 5.

Ching minh. Xét ham sinh nhu sau:

F(z)=(1+a)(1+2%)(1+2%) - (1427
= fot+fi-z+ forx?+ f3- 2>+ ...+ fogou - 220

Ta nhan thay ring hé sé clia z* trong khai trién trén chinh la sé tap con ciia S ma
tdng cac phan tit bang k. Nhu vay yéu cau bai toan tuong duong véi viec tim tong tat ca
cac hé s6 ciia s6 hang c6 dang z°* trong khai trién ctia F(z) nhu dudi day:

2024!/5

A= Z fsi=fo+ fs+ fio+ ... (4.17)

=0

Xét &€ = ¢%7/5 1 can nguyén thuy bac 5 ciia don vi. Didu nay c6 nghia 1 ¢ 1a
nghiém khéac 1 ctia phuong trinh 2® = 1 vi theo tinh chit co ban ciia can nguyén thiy
ctia don vi, taciing c6: 1 +e+e2+ed +e1=0

Ta xét tich sau:

S=0+e)(1+HA+)A+H(1+1)
=(l+e+e?+2- 2 +2.e'+2.2+2. 5 +2. 7+ 5+ 4+£10) 2
:(4+3‘€+3'€2+3'€3+3'€4)'2

=[1+3(1+e+e+°+¢%)] 2

=1-2=2

Theo dinh 1y 4.3.4, tong cac hé s6 ta can tim, néi cach khac 1 A, c6 thé duge viét lai
nhu sau:

A= [F(1)+ F(e) + F(e*) + F(e*) + F(*)] (4.18)

Ot =
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Ta tién hanh tinh cac F(e)L, nhu dudi:

F)=(1+1D1+1)1+1)---(1+1) =224
2024 lan
F(e)=[(14+e)(1+)Q+) (141 +e%)] ...(1 422N (1 +202)(1 + 29%) (1 4 £292)

{2024

~~

5)
= [1+0) 1+ +H1+eH1+ D)™ [ +)A + )1+ )1 +Y)]

_ gdod S _ 240% _ 9404
2 2

J =404 lan

Béng thao tac tuong ty khi tinh F(g), ta cling tinh dugc
F(e?) = F(e) = F(e') = F(e) = 21
Thay céc F(g')}, vao (4.18), ta tinh dugc tong:

A=L[PQ) 4 Ple) + F(&) + F(E3) + F(eY)]

5
_ % . (22024 4. 2404)
_ % ) (22024 n 2406)

Vay s0 cac tap con ctia tap S = {1,2,3,...,2024} sao cho tong céc phan tit clia né chia

) 1
hét cho 5 la = - (22024 4 2406) O

34



111

Mot s6 chii dé hinh hoc phang

35



5 Phép nghich dao trong bai toan ching
minh dong quy

§5.1 Ly thuyét co ban vé phép nghich dao

§5.1.1 Dinh nghia

Phép nghich déo 13 mot trong nhitng phép bién hinh quan trong trong hinh hoc phang.
Day 14 mot phép bién hinh rat manh, gitp cho bai toan tré nén don gidn hon, 16i giai
xtc tich hon. Cling phai néi thém, day 1a moét cong cu manh trong viéc gidi mot bai hinh
hoc phéng ciing nhu trong sang tao bai méi.

4 )
Dinh nghia (Phép nghich dao)
Trong mit phing cho mot diém O ¢b dinh va mot sé thuc k # 0. Néu @ng véi mbi
diém M ctia mit phing khac véi diem O, ta tim duge diém M’ ndm trén dudng
thang OM sao cho OM - OM’ = k thi phép bién hinh bién M thanh M’ dugc goi la
phép nghich dao cuc O , phuong tich k.

Khi dé diém M’ dugc goi la 4nh ctia M qua phép nghich ddo cyc O, phuong
tich k. Ta ky hiéu I} : M — M’ hay I5(M) = M'. O day I 1a viét tit cta
Inversion _thuat ngit tiéng Anh ctia phép nghich dao.

M’
M

(Dinh nghia (Phép nghich ddo qua dudng tron) b
Cho duong tron (O, R), phép bién hinh bién diém M thudc mit phang thanh M’
théa man O—]\>4 . W = R? dugc goi 1a phép nghich ddo qua dudng tron (O, R), ty
s6 R? dugc goi la phuong tich ciia phép nghich dio, O duge goi la tam nghich dao,
duong tron (O, R) dugce goi la dudng tron nghich déo, R duge goi 1a ban kinh nghich
dao.

Néu khong quan tam dén phuong tich hay ban kinh ta c6 thé ky hiéu phép nghich
dao la (o g). Khi d6 M’ = I gy (M). Néu da xac dinh ro duong tron ta chi can ky
hieu 1a M’ = Ip (M).

. 4
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Nhan xét 5.1.1. Ta thiy ring phép nghich dio qua dudng tron c6 thé hinh dung nhu viéc
ta lay déi xing diém qua dudng tron d6. Khi duong tron ban kinh 16n bang oo thi né sé
tring v6i dinh nghia ctia phép déi xtng truc.

Nhan xét 5.1.2. Trong mit phing Euclide, diém duy nhéat khong 1ay duge nghich dao
chinh 13 t&m nghich ddo, do dé phép nghich dao x4c dinh trén moi diém ctia mat phing
Euclide trit di diém O. Tuy nhién khi b sung cac diém oo thi 4nh ciia tam nghich dao
chinh 1a duong thing vo cuc.

§5.1.2 Cac tinh chit ndi bat

Ching ta da dugc biét dén nhitng phép bién hinh bdo toan khodng cach, nhu phép doi
hinh, hay nhitng phép bién hinh bao toan ty sd khoang cach, nhu phép vi tu va dong
dang. Trong bai viét nay, thong qua viéc tim hiéu céac tinh chéat, ta sé biét them mot
phép bién hinh dac biét hon bdo toan gbc gitta hai hinh dé 1a phép nghich déo.

4 | )
Proposition 5.1.3 (Tinh déi hop)

Day 1a tinh chat co ban nhat ctia phép nghich dio: tinh chat doéi hop. Tic la néu
IE(M) = M’ thi IE(M') = M.

N6i céch khac, (I5)* = id. Do vay ta c6 thé ghi I : M < M.
\. J
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e N
Proposition 5.1.4 (Mdt sb tinh chit co ban khac ctia phép nghich dao)

i) Néu phép nghich dao I} : M «» M’ thi O, M, M’ thing hang.

ii) Phép nghich déo bao toan phuong tich.

iii) Phép nghich ddo bao toan goc giita hai duong thing, dusng thing va dudng tron,
hai duong tron.

- J

4 N
Proposition 5.1.5

Néu k > 0, cac diém ndm tren dudng tron tam O, ban kinh vk la cac diém bét
dong qua Ig. Ta goi (O, \/E) 14 dudng tron nghich dao, vk 1a ban kinh nghich

dao.
Tinh chat nay con c6 thé phat biéu theo cach khac nhu sau: Qua phép nghich

déo I(k), tap hop cac diém bat dong 1a dudng tron tam O, ban kinh V.
. J

Chatng minh. Trudc tien ta sé xét chiéu thuan nhu sau:
Xét 1 diém M bat ky tren duong tron (0, \/E) ta 6 OM = v/k. Khi d6:

OM-OM =Vk -Vk=k=I5M)=M

N6i céch khac, didm bét ki thudc dudng tron (0, \/E) thi déu thuoc tap diém bat
dong qua phép nghich déo Ig. Chiéu thuan duge chitng minh!

Ta xét tiép chiéu dao ciia tinh chat:
Xét diém M’ thuoce tap diém bat dong qua phép nghich déo 5. Diéu nay c6 nghia la
M’ thoa:

I5(M') = M’ = OM - OM = k = OM"™ = (OM")° = k = OM’' =k

Vay ta suy ra: M’ € (O, \/E) Chiéu dio dugce chitng minh!

4 N\
Proposition 5.1.6

Néu phép nghich ddo I} : M <+ M'; N <+ N’ va O, M, N khong théng hang thi
bén diéem M, N, M’', N’ dong vien. Khi d6 ta cling c6 ti sb:

MN

AN
MN_MOM-ON

Luu y ti s6 nay van ding véi truong hop O, M, N thing hang.
. 4

Chitng minh. Ta sé xét 2 truong hop khi O, M, N thing hang va ngugc lai.

Trudng hop 1. V6i O, M, N thing hang:
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Theo gia thiét ta c6 I5 : M <> M'; N <» N’ nén suy ra:

OM -OM’ =k =ON -ON’ (5.1)
Ta sé ap dung dang thitc 6 (5.1) dé tinh M’N’ nhu sau:
N = ON' — O = -~ "
ON OM
_ (1 1 )_kOM—ON
B ON OM) ~OM-ON
_ MN
-~ "OM -ON

MN

Vay M'N'" = |k| oM ON' Day 1a diéu phai chiing minh!

Trudng hop 2. V6i O, M, N khong thing hang:

Tt gid thiét, ta vAn tinh duge déng thiic & (5.1). Nén theo tinh chit ctia phuong tich,
M, N, M’, N" dong vieén.

.
Mat khac, OM -OM’ = ON - ON’' = Oi‘M OiM
ON  ON’

nén AOMN ~ AON'M’.
Tu day ta suy ra:

M'N" oM’ ON/ [O /

MN  ON ON
B \/OM’ ON’ OM - OM’ N -ON'
-~ VON OM V OM-ON ON-OM

_ k 2 k]
- OM-ON)  OM-ON
MN

Diéu nay tuong duong véi: M'N' = |k| oM ON" Day la diéu phai chiing minh!
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Proposition 5.1.7

Cho dudng tron (O, R) va mot diém M trong mit phang. Goi M’ 1a &nh ctia M qua
phép nghich ddo qua dudng tron (O, R), hay: M’ = [ gy (M), va w la dudng tron
bat ky di qua M va M’. Khi d6 w truc giao véi (O, R).

Chitng minh. Tinh chat nay c6 thé dé dang chitng minh bang bién déi géc. O

Hé qua 5.1.8 — Cho duong tron (O, R). Gia sit ¢6 2 dudng tron (Op) va (Oz) phan
biet tryc giao véi (O), dong thoi (O1) N (O2) = {A, B}. Khi d6 A va B la anh cua
nhau qua phép nghich ddo qua duong tron (O, R).

Chitng minh. Day 13 mot hé qua ciia tinh chat 5.1.7, ta sé chitng minh nhu sau

Goi cat tuyén qua O giao (O71) tai M va M’', cat tuyén qua O giao (O3) tai N va
N’. Tt tinh chat 5.1.7, ta suy ra M’ = Iio gy (M) va N' = Ijo gy (N)

Tt tinh chat 5.1.6, ta lai c6 M, N, M’, N’ dong vién, gia sit 14 cting thudc dudng tron
w. Khi d6 ap dung dinh ly tam dang phuong véi 3 dudng tron (O;), (O2) va w thi ta
dugc O, A, B.

Vay ton tai mot cat tuyén qua O cit lai (O;) (va ca (O3)) tai A va B. Ap dung tinh
chat 5.1.7 mot lan nita, ta suy ra A va B 13 anh ctia nhau qua phép nghich ddo qua
duong tron (O, R). Day la diéu phai chiing minh!

]

Hé qua 5.1.9 — Goi w la dudng tron bat ky triuc giao v6i duong tron nghich do
(O, R) thi w bat bién qua phép nghich d4do qua dudng tron (O). Néi cach khac thi
w = I(O,R) (w)

Chatng minh. Day ciing 1a mot hé qua clia tinh chat 5.1.7. Mai ban doc tit chitng minh [
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Proposition 5.1.10
Tich ctia 2 phép nghich ddo cling tam O, phuong tich 1an lugt 1a & va &' 14 phép vi
/

tw tam O ti sb =

Chitng minh. Xét phép nghich ddo tam O, phuong tich k bién M thanh M’ va phép
nghich ddo tam O, phuong tich k&’ bién M’ thanh M”. Ta c6:

15 M« M OM -OM' =k —
, e = oM”
{Ig M M {OM'.OM//:k’

s

OM

>

. K R .

Tt day suy ra M” 1a anh ctia M qua phép vi tif tam O t1s6 X = s Day la dieu phai
ching minh!

O

Hé qua 5.1.11 — Anh ctia mot hinh qua phép nghich dao khong phu thudc phuong
tich k£ ma chi phu thudc cuc ca phép nghich dao doé.

§5.1.3 Cac dinh Iy vé anh qua phép nghich dao

Dé ting dung bat ky phép bién hinh ndo vao giai cac bai toan hinh hoc thi quan trong
nhét la ta phai biét dude anh clia cac hinh quen thuoc qua phép bién ddi d6. O phan
nay ban doc sé duge gidi thiéu nhitng dinh 1§ quan trong cho chiing ta cai nhin bao quat
vé danh ctia mot hinh qua phép nghich ddo. Hai hinh thong dung nhét ching ta tim
hiéu 1a duong thing va dudng tron. Trong phép nghich dao, diém dac biét nhat 1a tam
nghich ddo, nén chiing ta lan lugt xét vi tri tuong doi clia cic hinh vé6i tam nghich dao.

Theorem 5.1.12
Qua phép nghich do, 4nh ctia duong thing di qua tam nghich dao la chinh né.

Chaing minh. Xét tam nghich dao 1a O va dudng thang d bat ky trong mit phing.
Khi d di qua O thi dinh 1y trén hién nhién ding vi v6i mdi diém thuoc d thi sé bién
thanh mot diém khéc thuoc d. O

Theorem 5.1.13
Qua phép nghich dao, anh ciia duong thang khong di qua tam nghich déo 1a 1 duong
tron di qua tam nghich dao.

Chitng minh. Ta c6 nhiéu cach dé tiép can chitng minh dinh ly nay. Duéi day la 2 cach
nhu vay:

Cach 1. Xét diém O va duong thing A bat ky trong mat phing. Lay tiép 3 diém
bat ky trén A, goi la M, N va P.
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Xét phép nghich dao cuc O, phuong tich k 1a I5 : M <> M',N < N', P <+ P'. Tt d6
ta c6 I5 : A+ (M'N'P')
Theo tinh chat 5.1.6 thi ta sé c6 cac ti giac MNN'M' va M PP'M' noi tiép. khi do:
/N'M'P =/N'M'M+/MM'P = /ONM + LZOPM
=180° — ZNOP = 180° — ZN'OP’

Vay ta suy ra O € (M'N'P’). Phép nghich ddo cic O, phuong tich k bién duong thang
A thanh duong tron (M'N’P’) di qua O la tam nghich déo. Day la diéu phai chiing minh!

Cach 2. Van xét diém O va duong thing A cb dinh trong mat phing. Ta lay hinh chiéu
ctia O len A la M va lay them mot diém N di dong tren A.

Xét phép nghich ddo cuc O, phuong tich k la I(’% : M+ M',N < N'.ViO va
duong théng A c6 dinh nén M c6 dinh. Diéu nay kéo theo M’ ciing ¢ dinh. Theo tinh
chat 5.1.6 thi ta c6 ti gidc MNN'M’ nai tiép, tit d6 suy ra:

ZON'M'= ZOMN = 90°
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Vay khi N thay ddi tréen dudsng thang A, N’ sé di chuyén trén dudng tron duong kinh
OM'’ ¢6 dinh. Day 1a diéu phai chitng minh!
O

Theorem 5.1.14
Qua phép nghich dio, dudng tron di qua tam nghich dao bién thanh duong thing
khong di qua tam nghich dao.

Chitng minh. Dinh 1y nay 1a hé qua ctia dinh 1y 5.1.13 v& tinh chat ddi hop ctia phép
nghich dao. O

Theorem 5.1.15
Qua phép nghich dio, dudng tron khong di qua tam nghich dio bién thanh dudng
tron khac cling khong di qua tam nghich déo.

Chitng minh. Dinh 1y nay sé duge chiing minh dita trén co sd ctia tinh chat 5.1.10

Xét diém O va mot dudng tron tam I bat ky khong di qua O trén mit phing. Tit O
ké mot cat tuyén dén (1), giao tai 2 diém M va N.

Xét phép nghich déo cc O, phuong tich k 14 I : M > M', N «» N’ va dit p = Po (1
14 phuong tich tit O dén (7). Khi d6 ta co:

OM -OM’' =k M’ ——
o @L:E@OM’:EO‘IG
OM -ON =p ON p p
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—_ k 3
Tuong tu ta cing ¢c6 ON’' = —OM.

pr——

k PR . ) . s s
Dit A = —, ta thay ton tai phép vi tu tam O, ti s6 A 1a V) bién M — N/, N — M'.
p

Goi J la 4nh ctia I qua V) thi theo tinh chat ctia phép vi tu, ta c6 ATMN ~ AJN'M'.
Ma AIMN can tai I nén ta ciing suy ra AJN'M’ can tai J. Vay tic la V3 : (1) — (J),
kéo theo O ¢ (J) vi O ¢ (I). Va véi bat k¥ diém P nao khac nim trén (I) thi 4nh ciia
diém P qua V) sé la P" € (J).

Goi P’ = I} (P), ta ching minh P’ € (J). That vay, dé y MP | |[N'P" va ti giac
MPP'M’ noi tiép, ta c6 nhitng bién déi sau:

/P"PM = /PP'M' = /OMP = ZON'P"
Vay anh ctia P qua phép nghich déo cuc O, phuong tich k 1a P’ ciing nam trén (J).
Suy ra 15 : (I) <> (J). Ma O ¢ (J) nén ta c6 didu phai chitng minh!
O
Hé qua 5.1.16 — Cho dudng tron (O) va mot duong thang A. Khi do:
e Néu A tiép xtc vé6i (O) thi ton tai duy nhat mot phép nghich déo bién (O) <> A
e Néu A khong tiép xtc vé6i (O) thi ton tai hai phép nghich déo bién (O) < A
Chitng minh. Ta sé di xét ting trudng hgp nhu sau:
Trudng hgp 1. Néu A tiép xtc véi (0). Gid st A tiép xtc (O) tai N, ké dudng
kinh M N cta (O).

Xét dudng thang bat ky di qua M cit lai (O) tai A va cit A tai B. Khi d6 phép nghich
d&o cuwec M phuong tich k = MN? bién B <+ A va (O) < A.
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Trudng hgp 2. Néu A khong tiép xtc véi (O). Ké duong kinh M N cta (O) sao cho
MN LA va goi hinh chiéu ctia M N len A 1a H.

Xét duong thang bat ky di qua M cit lai (O) tai A’ va cit A tai A. AN cit lai (O)
tai B/, M B’ giao A tai B. Dé dang chtiing minh dude N 13 triyc tam ctia AAM B, dong
nghia véi viec M cuang la tryc tam cia AANB.

Khi dé6 ton tai phép nghich ddo cyc M phuong tich k = MN - M H va phép nghich
ddo cyc N phuong tich ¥ = NM - NH bién (O) < A.

U

§5.2 Chum dudng tron va phép nghich dao

§5.2.1 Cd sé ly thuyét

Chiim dudng tron la mot chii dé duge khai thac nhiéu trong cic bai toan hinh hoc phing
lien quan dén sy dong truc hay dong quy,... Trong khuon khé noi dung phép nghich dao,
cac bai toan vé chiim dudng tron ciing chiém mot phan khong nhé. Sau day ban doc sé
dudc gidi thieu mot s6 noi dung 1y thuyét can nim. Nhitng noi dung co ban hoac khong
lien quan dén phép nghich dao sé khong duge ching minh.

-
Dinh nghia (Phuong tich)

Cho dudng tron (O, R) va diém M bat ki. Phuong tich ctia M dbi véi dudng tron
(O) dugc ki hieu va dinh nghia 1a Py o) = OM? — R?.

.

Nhan xét 5.2.1. Tit dinh nghia vé phuong tich, ta thdy M nim trén, trong hay ngoai
dudng tron (O) khi va chi khi Py, (o tuong tng nhan gia tri bang, nh6 hon, hay 16n hon 0.
Ngoai ra, dinh nghia trén van diang khi duong tron (O) c6 ban kinh R bang 0, lic nay ta
goi (O) la duong tron diém O va Py/0) = OM?,

Ban doc ciing nén coi lai 1y thuyét vé khai trién ctia phuong tich theo cat tuyén, theo
tiép tuyén va theo tam giéc.
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Dinh nghia (Truc ding phuong)

Cho hai dudng tron khong dong tam, tap hgp céac diém c6 ciing phuong tich déi véi
hai dudng tron do 1la mot duong thang vuong goc véi duong nodi tam ctia hai dudong
tron. Duong théng nay duge goi 1a truc dang phuong ctia hai dudng tron da cho.

4 N\
Dinh nghia (Chum dudng tron)
Tap hop nhitng duong tron c6 chung mot truc déng phuong goi 1a chiim dudng tron.
C6 ba loai chuim dudng tron la chum Elliptic, Prabolic va Hyperbolic:

e Chum Eliptic: Néu truc ding phuong ctia chiim dudng tron cit mot duong
tron ctia chiim tai hai diém A vd B thi moi dudng tron ctia chiim di qua hai
diém A va B. Chum dé dudc goi 1a chiim duong tron Eliptic.

e Chum Parabolic: Néu truc ding phuong ctia chiim dudng tron tiép xic véi
mot dudng tron clia chiim tai A thi moi dudng tron clia chim déu tiép xtc véi
nhau tai A. Chum dé dugce goi 1a chum duong tron Parabolic.

e Chiuim Hypebolic: Néu truc ddng phuong clia chiim dudng tron khong cit
mot dudng tron clia chiim thi moi dudng tron ctia chiim déu khong giao nhau.

Chum do6 dude goi la chum dudng tron Hypebolic.
. J

Nhan xét 5.2.2. T dinh nghia ctia chim dudng tron va céc loai chiim, ta nhan thiy mot
chiim dudng tron hoan toan cé thé duge xac dinh néu biét mot dudng tron clia chiim vi
truc déing phuong ctia chiim hosc biét hai dudng tron ctia chium.

/ N
Theorem 5.2.3 (Dinh Iy v& chiim dudng tron)

Cho hai dudng tron (O;) va (O2). V6i «, 5 € R, ta c6 tap hop cac dudng tron cia
chiim chita (Oq) va (O2) la:

(T) = {Mle- Pagjo,) + B - Payo) = 0}
L J

§5.2.2 Chum dudng tron qua phép nghich dao

/ I
Theorem 5.2.4 (/:\nh cta chum dudng tron qua phép nghich dao)

Xét mot chim duong tron (T') = {w,ws, ..., wy,} trén mat phang. Khi do:

e Néu (I') 1a mot chiim duong tron eliptic ciing di qua hai diém A va B. Qua
phép nghich dao cuc A, phuong tich k, &nh ctia chum (T") sé 1a chum duong
thing dong quy tai B’ = IX (B).

e Néu (T') 14 mot chiim duong tron parabolic tiép xtc véi truc ddng phuong
A tai A. Qua phép nghich dao cuc A, phuong tich k, d&nh ctia chum (T") sé 1a
chiim dudng thing doi mot song song va song song véi A.
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Chatng minh. Xét chum dudng tron (I') = {w1,ws, ..., w, } trén mit phang. Ta lan lugt
chiing minh véi cac trusng hgp sau:

Trudng hop 1. Néu (') 1d mot chiim dudng tron eliptic. Goi A 1a truc didng phuong
cia (I'), A, B € A 1 hai diém chung ctia chiim.

Xét phép nghich dio ciyic A, phuong tich k bat ky bién B <+ B’. Theo dinh 1y 5.1.14,
ta c6 mdi dudng tron w; trong chtim (T') qua I% & bién thanh mot duong thing d; khong
di qua tam nghich dédo A.

Ma dé y (T') c6 diém chung con lai 13 B nén anh ctia (T') 1a chum dudng thiang dy, da,
<ovy dy, $8 cling di qua mot diém 1a anh ciia B qua IX, chinh 14 B’. Dén day ta c6 diéu
phéi ching minh!

Trudng hop 2. Néu (T') 1a mot chiim dudng tron parabolic cling tiép xtc véi truc dang
phuong, goi 1a A, tai A.

|
I

|

1

|

I

|

[

|

1

1

1

]

1

|

|
Y/
W

A

_______ JT’
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Ta thao tac nhu Trudng hgp 1: qua phép nghich ddo tam A, phuong tich k bat ky,
w1 <+ d;. Ma cac d; nay déu khong di qua tam nghich d&o 1a A theo dinh ly 5.1.14.

Véi viec chim dudng tron (T') khong con diém chung nao ngoai A4, anh ctia (T') 1a chiim
dudng thang di, do, ..., d,, sé khong c6 diém chung. N6i cach khac, dy, do, ..., d,, doi mot
song song, va song song v6i A. Day 1 diéu phai chiing minh!

O
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6 Orbital integral

§6.1 Background

Let F' be a finite extension of Q, for p > 2 and let E/F be an unramified quadratic
field extension. Denote by w a uniformizer of Op, such that @ = w, and let v be the
associated valuation. Let n be the quadratic character attached to E/F by class field
theory, so that n(z) = —1°(),

§6.1.1 Symmetric space

We define the symmetric space
S3(F) = {s € GL3(F) | ss =id}.
We also pay particular attention to the subspace which have Op entries:

KS = Sg(F) N GLg(OE)

. N\
Bo dé 1 (Cartan decomposition)
For each integer m > 0 let
0 0 @™
Ksm=Kg-| 0 1 0
w ™ 0 0
Then we have a decomposition
S3(F) = [[ Ksm-
m>0
. J

For » > 0, define
Qr = Sg(F) Nw ™ GL3<OE)

We can re-parametrize the problem according to the following claim.

Ménh dé 6.1.1 —
Q, = KS,O L KS71 L. KS,T"

If this claim is true (still need to check it), then an integral over each €2, lets us extract
the integrals over Kg .

§6.1.2 Orbital integral
Define

m={[i )= e
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We embed H' into GL3(F) by h/ + [ 9], which allows H to act on GL3(F) and hence
S3(F).

Now we can define the orbital integral.

Dinh nghia 6.1.2. For brevity let n(h') := n(deth’) for b’ € H'. For v € S3(F) and
s € C, we define the orbital integral by

0= [ 10, 0)nto) o) g

where
t1to

g=K ———5
|t1t) — total5

for the constant s = (1 — ¢~ 1)~}(1 — ¢~ 2)7L.

Indeed, for /' € H and v € S3(F) we have h/y(h’')~! € S3(F) and so the indicator
function is filtering based on which part of the Cartan decomposition that h/~y(h')~! falls
in.

Evidently O(~,s) only depends on the H’-orbit of v. So it makes sense to pick a
canonical representative for the H’-orbit to compute the orbital integral in terms of. For
so-called regular -, the representatives

0 0
—d 1| € S3(F); where ¢ = —ab+ bd
1—dd d

v(a,b,d) =

o o

over all a € E*, b€ E, d € E for which (1 — dd)? — c¢ # 0, cover all the regular orbits,
which are the ones we care about.

For r = 0, [?] computes sO(v, s) at s = 0 in terms of a, b, d. Our goal is to compute it
for r > 0 too.

§6.2 Reparametrization in terms of valuations

§6.2.1 Computation of value in indicator function

We are integrating over t; € F and ty € E. Regarding g € H' as an element of GL3 as
described before, we have

t1 to O
9= & o
0 0 1
‘We therefore have _
t1 —t2
tit1—toto t1t1—tate
g*l _ —to t1

tit1—toto tit1—toto
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Hence
t —. 1 r
1 t1f171t2t72 tl{lf%QiQ 0 a 07 0 tfl éQ 0
9 9= t1f17§2t72 t1{1it2£2 ? _IZ 1 :ddd il t02 1 g)
[t —t. 1 r
t1t —;t2f2 t1t_1£—i252 0 aty _ atz _ 0
= —t2 —___ bt1 — dtsy bty — dty 1
Tili—taly  tili—tal _ _
o 0T 1| e+ (1 —dd)Ey ety + (1—dd)Ey d
at% — btity + di% atity — btote + Jflfg —t9 i
tit1 — tato tit1 — tato tit1 — tato
= —at1t2 + btlfl - Jflt_g —at% + bfltg - df% 51
tity — taty tity — tats tity — tats
ct1 + (1 — d(i)fg cto + (1 — d(j)l?l d ]
Let us define
t=tol] ! = to=tl.
This lets us rewrite everything in terms of the ratio t and t; € E:
[ t2(a— bt +df?)  titi(at —btt+df)  ty-(—1) ]
t1t1(1 — tt) t1t1(1 — tt) t1t1 (1 — tt)
g_l’yg = tlt_l(—at +b— JE) f%(—af? + bt — CZ) —t_l
t1t1(1 — ¢t) t1t1(1 — ¢t) t1t1(1 — tt)
L tl(C + (1 - dci)ﬂ fl(Ct + (1 - dCZ)) d i

This new parametrization is better because t; only plays the role of a scale factor on the
outside, with “interesting” terms only involving ¢. To make this further explicit, we write

t1 = w'e

for m € Z and € € Of. Then we actually have

[ o — bt +dt? at —btt+dt —w™t
_ » 1—it 1—it 1—tt
3] g __ _
3 I | —at+b—dt —at>’+bt—d —™
€ g g € = — — -
1 1 1—tt L—tt  1-t
c+ (1 —dd)t ct+(1—dd) g
L wom o i

For brevity, we will let T'(v,¢,m) denote the right-hand matrix. The conjugation by

e—1
1

} has no effect on any of the §2,, so that we can simply use
1

1o, (9_179) =1q, (F('% t, m))

in the work that follows. By abuse of notation, we abbreviate

1(vy,t,m) = 1q, (T'(y,t, m)).
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§6.2.2 Reparametrizing the integral in terms of ¢t and m

From now on, following [?] we always fix the notation

m =m(ty) = —v(ty)
n=mn(t) =v(l—tt).

We need to rewrite the integral, phrased originally via g, in terms of the parameters ¢
(hence n), m, and . We start by observing that

detg = tlfl — tzfg = tlil(l — tf)

which means that
v(det g) = —2m +n

ergo
]detg\F _ qfv(detg) _ q2mfn
n(g) = (~1)"199) = (—1)™.
Meanwhile, from ¢y = tt; we derive

ty = |t gt = ¢*™t.

Bringing this all into the orbital integral gives

Oy, s) = / Mt m) D () ()

_ H/ 1('77ta m)(_l)nqs(men) . q2n72mtt1.
tt1€EE

§6.3 Setup

§6.3.1 Simplifying assumptions

For the purposes of [?], we will only care about the following case:
v((1- dd)? — cc) =1 (mod 2)

We will also assume: v(d) > —r. This is fine because if this v(d) < —r then the integral
will always vanish (because the bottom-right entry of I'(vy,t,m) is no-good). Because of
this, from (6.3) we then get

Hé qua 6.3.1 — wv(b) > —r.

§6.3.2 Notations
As we described earlier, our goal is to give an answer in terms of
a€ Fl, b,d € E, r>0.

To simplify the notation in what follows, it will be convenient to define several quantities
that reappear frequently. From Section 6.3.1, we may define

0 :=v(l —dd) =v(c) # —o0. (6.1)
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Following [?] we will also define

u = %M € 0% (6.2)
so that v(1 —uu) =1 (mod 2) and
b= —au — di. (6.3)
Note that this gives us the following repeatedly used identity
v’ — dad = (au — da)?* — 4ad(1 — ui). (6.4)

Finally, define
¢ == v(b* — 4ad). (6.5)

§6.4 Description of the nonzero regions

§6.4.1 The case where n <0
Ménh dé 6.4.1 — Whenever n = 0 (this requires v(t) > 0),

1 if —r<m<i+r

0 otherwise.

1(v,t,m) = {

Chiing minh. We have to consider the nine entries of I'(y,¢,m) in tandem.

The upper 2 x 2 matrix is always in w™"Op, because v(t) > 0, v(d) > —r, v(b) > —r,
and v(a) = 0 suffices.

In the right column, since v(¢) > 0 and n = 0, the condition is simply m > —r.

In the bottom row, we need v (¢ + (1 — dd)f) —m > —r and v (¢t + (1 — dd)) —m > —r.
If v(t) > 0 this is equivalent to m —r < §. In the case where v(t) = 0 we instead use the
observation that

[c+ (1 —dd)t] =t [ct+ (1 —dd)] = (1 —tt)c (6.6)
which forces at least one of ct + (1 — dd) and ¢+ (1 — dd)t to have valuation 6. So the
claim follows now. O

Ménh dé 6.4.2 — Suppose n = —2k < 0, equivalently, v(t) = —k < 0, for some k.

1 if —r<m+Ek<di+r

0 otherwise.

1(v,t,m) = {

Ching minh. The proof is similar to the previous claim, but simpler.
Since k > 0, the fraction 1%{ has positive valuation, so the upper 2 x 2 of I'(y, ¢t,m)
is always in @w™"Opg. Turning to the right column, the condition reads exactly m + k >
—r. Finally, in the bottom row, from v(¢) > 0 and v(c) = ¢ the condition is simply

—k+d—m > —r. O
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§6.4.2 Setup for n >0

In this situation we evaluate over n > 0 only. In this case ¢ is automatically a unit.
Consider the upper 2 x 2 matrix of I'(v, ¢, m). Using the identities

—bt+dt? _ at—btt+dt _
azbttalt poat—bittd o re ooy

11—t 1—tf
a— bt + dt? ; —at+b—dt R
1— 1—¢ ‘=% VB
—at+b—dt _ —at’4+bt—d
= —t- — = — b TOg.
11 11 atdvew CUp

it follows that as soon as one entry is in w ™" Opg, they all are. Meanwhile, the requirements
on the other entries amount to

m>n-—r (6.7)
v(c+ (1 —dd)t)>m—r (6.8)
v(ct+(1—dd)>m-—r (6.9)

According to the earlier identity (6.6), if (6.8) is assumed true, then (6.9) is equivalent to
d+v(l—tt) >m—r.

Meanwhile, since v(c + (1 — dd)t) = v(¢ + (1 — dd)t), (6.8) is itself equivalent to
vit+u)+o>m—r

by reading the definition of (6.2).
Finally, we use a tricky substitution

(2at — b)* — (b* — 4ad) = —4a(—at?® + bt — d)
to rewrite v(—at? + bt —d) > n—r as v ((2at — b)* — (b* — 4ad)) > n —r.

In summary:

Ménh dé 6.4.3 — Assume ¢ is such that n = v(1 — t£) > 0. Then 1(v,t,m) = 1 if
and only if
n—r<m<n+d+r

and t lies in the set specified by

v ((2at — b)? — (b* — 4ad)) > n —r
v(t+u)>m—0—r.

§6.4.3 Volume lemma

The following lemma will be useful.
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R )
Bo dé 2 ([?, Lemma 4.4])

Let € € (’)2, and integer A, such that 1 < A < n, the volume of the set
{r e E|v(l—2z)=n, vix—£&) > A}

equals
0 v(l —&€) < A
(1 gl w(1—g8) 2 A
. J

We will also need to intersect two disks. In an ultrametric space, this is easy to
do:

4 N\
B6 dé 3 (No MasterCard logo in an ultrametric space)

Choose £1,& € E and Ay > Ao > 0. Consider the two disks:

Di={zeFE|vx—£&&) >}
D2:{$€E|U($—§2)Z>\2}.

Then, if v(& — &) > A2, we have D1 C Ds. If not, instead D; N Dy = &.
(G 4

Chitng minh. Because E is an ultrametric space and (D;) < (D), we either have
Dy C Dy or D1 N Dy = @. The latter condition checks which case we are in by testing if
& € Do, since &1 € D;. O
8§6.4.4 The case where n > 0, and / is odd

Considering n > 0 and n —r < m < n+ 4§+ r as fixed, we compute the volume of the set
of ¢ for which n = v(1 — t¢) and 1(v,t,m) = 0.
Supposing £ is odd, the condition

v ((2at — b)?2 — (v — dad)) >n—r

is equivalent to simultaneously the two conditions

v((2at —b)?) >n—r — v<tb> > ["‘ﬂ (6.10)

2a 2
v(b® —4ad) >n—r = £>n—r. (6.11)
We also had the requirement
v(it+u)>m—45—r. (6.12)

Use Lemma 3 on (6.10) and (6.12), noting the distance between the two centers is exactly

b au — di -
v <u+ 2a> =0 <2a> = v(au — du).

Considering that our disks have “radius” [”;T] and m — & — r respectively, we obtain

two possible situations:
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o If m< ["5’“] + d + r the nonempty condition reads
v(4 — bb) > [”;ﬂ (6.13)
v(au —dua) >m — 3§ — 7. (6.14)

o If m> ["7] + d + r the nonempty condition reads
v(l—wuu)>m—-456—r (6.15)
v(au — du) > [H;T-‘ . (6.16)

To proceed further, we need to prove a few properties. We list them in turn.
Fact 6.4.4. Whenever / is odd, we must have
v(b) = v(d) = 0. (6.17)

Proof of (6.17). If v(d) # 0, then b = —au — du is a unit, and hence so is b*> — 4ad,
causing ¢ = 0, contradiction. And if d is a unit, £ # 0 means v(b) = 0 too. O

Next, note that (6.4) together with (6.17) and the assumption ¢ was odd implies
¢ =v(1 —un) < 2v(au — du). (6.18)
This implies that:

Fact 6.4.5. (6.14) and (6.16) are redundant for odd /, i.e. they are automatically true
whenever n >0andn—r<m<n+4d+r.

Ching minh. Delete the ceilings. We have "5" < % < v(au — du) in both cases. And in

6.13), we have m — § — r < 2T anyway. O
( 5 anyway

Finally, the equation b(4 —bb) = —4au(1 —dd) — b(b* —4ad) together with (6.17) implies
v(4 — bb) > min(¢, §) with equality if £ # 6. (6.19)

Putting all of this together, we find that the valid pairs (n,m) come in two cases.
First case The first case is
1 <n <min(¢,20) +r, n—rgmg[n;?ﬂ—‘—i-5+7’—l (6.20)
where each (m,n) gives a volume contribution of

e 1-4)

Second case The second case is

n—r
2

1<n</l+r, max(n—r,[ -‘—|—5—i—r>§m§min(n,€)—|—5+r (6.21)

where each (m,n) gives a volume contribution of

q—n—(m—ﬁ—r) (1 N 1) )
q
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§6.4.5 The case where n > 0, ¢ is even, v(b) = v(d) =0

As before we consider n > 0 and n —r <m <n+ J + r as fixed, and seek to compute
the volume of the set of ¢ for which n = v(1 — ¢t) and 1(v,¢,m) = 0.
Suppose £ is even. Then the left-hand side of (6.4) is a square, which we denote 72. In
this case, we obtain
20(7) = £ = 2v(au — du) > v(1 — ui).

Then the condition that

v<(2at —b)2 - (b* - 4acZ)) >n—r
T
falls into three disjoint parts:
e Both v ((2at — b)?) > n —r and £ = v(7?) > n — r hold, as in the £ odd case.
e We have ¢ = v(72) < n —r but
v(2at —bFT)>(n—1)—4/2>0, v(2at — b+ 1) =10/2.
This is two parts, corresponding to the choice of +.

We analyze the second case since the first case is the same as before (as we have are
assuming (6.17) in this section; it does not follow for ¢ even). The constrains on ¢ become
the two circles

v(tb;;T> >n—0/2—7 (6.22)
vit+u)>m—0—r. (6.23)

Note that

2a 26 4
The distance between the two circles has valuation

L bET b+7 4-N(b+7)

b+ -
v<u+27—> =v(au —du =+ 7).

Since (au — du)? — 7% = 4ad(1 — u), we agree now to fix the choice of the square root of
7 such that

v(au —du+7) = v(l —ua) —v(r) and v(au —du —7) = v(7). (6.24)

This lets us invoke [?, Lemma 4.7] to evaluate v(4 — N(b =+ 7)).
In the b;'—; case, we get

o Ifm<n— g + §, the nonempty condition becomes

~

U(l—Uﬂ)+5—€:v(4—N(b+7))Zn—g—r

v(l —wa) —£/2=v(au —du+7)>m—65—r.
o Ifm>n-— g + 9, the nonempty condition becomes
v(l—uu) >m—45—r

v(l—ua)—ﬁ/Q:v(au—Ja—i—T)Zn—g—r.
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Meanwhile, in the 1’2_77 case, we get

e Ifm<n-— g + 9, the nonempty condition becomes

l
(5:’0(4—]\7(6—7))271—5—7"
0/2 =v(au —di—T1)>m— 6 —r.
o If m > n—g—i—é, the nonempty condition becomes
v(l—ua)>m—306—r
Z/QZU(CLU7J’U,77')ZTL7§7T.

First case The first case is the union of two regions:

1
max(1,{+r+1) <n < 3

(6.25)
and

1 4 1
max(1,l+r+1)<n< §+5+7°, n—rﬁmﬁmax(n—2+5,5+2+r> (6.26)

Note the condition that m < n + J + r is redundant with m < n — % + 7 since £,0,7 > 0
for v(b) = v(d) = 0.

Second case The second case is the disjoint union of two bounds:

IN

n

IN

<m< (6.27)

and

IN

n < <m< (6.28)
Note the condition that m < n + J + r is redundant with m <n — % + 7 since £,0,7 > 0
for v(b) = v(d) = 0.

TODO: finish
§6.5 Evaluation of the integral

§6.5.1 Region where n < 0 for all values of /

~N
Proposition 6.5.1
The contribution to the integral O(v, s) over n < 0 is exactly
o+2r
q2(5+r)s Z q72js _ q72rs NI q2(5+r)s.
§=0
. J
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Ching minh. For n = 0 we get a contribution of

K / 1(n = 0)1(v,t,m)g* g "t
tt1€EE

o+r
=k(t:n=0) Z (t1: —v(t)) = m)q2m(571)
g+1 o+r
o+r
+1
:“<1qq2> 1—q%) > ¢

m=—-r

For the region where v(t) = —k < 0, for each individual k£ > 0,

o / 1(v(t) = —k)1(y, t,m)g* @ g?n =2ty
t,t1€E

o+r—k
(o) = k) Yt —u(ty) = m)g sk
m=—r—~k
o+r—k
— 2k (1 . q—2) Z (q2m (1 . q—2)) qs(2m+2k)—4k—2m
m=—r—*k
o+r—k
— .2k (1 . q—2) Z (q2m (1 o q—2)) qs(2m+2k)—4k—2m
m=—r—~k
) o+r—k
=rg F(1—q?)" D P
m=—r—~k
) o+r '
— qu_Qk (1 o q—2) Z qQZs.
i=—7
Since Zk>0 q %k = %, we find that the total contribution across both the n = 0 case

and the k > 0 case is

q+1 5+r
() e

i=—r
o+r
=(1-¢g)(1-qg?r > ¢
i=—r
o+r
_ Z q2zs'
i=—r

This equals the claimed sum above. (We write it over 0 < j < § + 2r for consistency with
a later part.) O
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§6.5.2 Region where n > 0 for odd /
Again using (t; : —v(t1) = m) = ¢*"(1 — ¢~?), summing the two cases gives
/i/ 1(n > 0)1(y,t,m)
ttiel
min(£,28)+r [ %5 |+6+r—1

S Y [ <1_;>

n=1 m=n—r

. (_1)nqs(2mfn)q2n72m . q2m(1 _ q72)

n(£,28)+r ’—n - -| +é+r—1
— Z Z q—n—[ 5 -I . (_1)nqs(2mfn)q2n
L4 min(n,£)+6-+r
+ Z qfnf(mftsfr) . (_1)nqs(2mfn)q2n
o)

n=1 m:max(n—r, [ 5

min(¢,26)+r [";’"1+5+T—1
_ Z qn— (%—‘ . (_1)nqs(2mfn)
n=1 m=n—r
O+r min(n,f)+5+r

+ Z Z qn—(m—é—r) . (_1)nq5(2m—n)

n=1 m:max(nfr, (";T“ +5+r)

min(£,20)+r n—| #5" | +o+r-1

= 2 > dlF gt

n=1 m=n—r

O+r min(n,f)+5+r

+ Z Z qn—(m—5—r) . (_1)nqs(2m—n).

n=1 m:max(n—r,n— L";TJ +5+r)

To simplify the expressions, we replace the summation variable m with
j=m+0+r)—m>0.

In that case, 2m —n =2(0+n+7r—j) —n =n+ 2§ + 2r — 2j. Then the expression
rewrites as

min(¢,28)+ 5+2r
Z Z qL”;TJ .(_l)nqs(n+25+2r—2j)
=L

047 m1n(6+2r \_’H'TJ)

+ Z Z qj . (_1)nqs(n+26+2r—2j)

n=1 j=n—min(n,f)
We interchange the order of summation so that it is first over j and then n.

e The permissible values of j in the second sum clearly run from j = L%J +1
to j = ¢ 4+ 2r. The constraints for n are that n > 1, n < min(¢,20) + r, and
| 247 | +1 < j, which solves to 2 < j—Zorn<2j—1—r.
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e The second sum was over pairs (n, j) satisfying 1 <n </{+rand j >0,j>n—¢,
and j < L”T”J Hence we now have

0§j§min((5+2r, {ﬁJ—i—r)

Solving for n gives max(1,2j —r) <n < {+7.
Hence we get

§4-2r min(2j—1—r¢+r,26+r)

Z Z gl 7] (m1yngptnr2i+ar—2))

ST

min(6+27‘, L%J +7‘) £+min(j,r)

+ Z Z qj . (_1)nqs(n+26+2r72j).

7=0 n=max(1,2j—r)

At this point, two of the bounds on j are redundant. In the first sum, if j < L%J +1,
the sum is empty anyway. Similarly, the second sum is empty anyway if j > ng +r.
Therefore we can unify the two parts for the same range 0 < j < d + 2r to get

6+2r (min(2j—1—rl+r,26+7) £+min(g,r)
q2(5+7”)s Z Z qL”;TJ ) (_1)nqs(n—2j) + Z ¢ - (_1)nqs(n—2])
j=0 n=1 n=max(1,2j—r)

§6.5.3 Region where n > 0 for even /
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