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Loi Mé& Dau

Thua quy doc gia,

Trong thdi dai s6 héa ngay nay, Internet da trd thanh mot ngudn thong tin vo tan,
nhung viéc tim kiém va s&p xép thong tin nay tré nén ngay cang khé khin. Trong bbi
canh d6, thuat toan Pagerank da ndi lén nhu mét cong cu manh mé dé xéc dinh su quan
trong clia céc trang web duya trén cau tric lién két ctia ching.

Chiing t6i xin kinh giti dén ban doc bai bdo cdo v6i ndi dung "Xung Quanh Thuét
Toan Pagerank'véi hy vong chia sé kién thitc, hiéu biét va sut quan tam ddi v6i thuat
todn nay. Ching t6i sé di sdu vao nhitng khia canh khac nhau ctia Pagerank, tit co ban
dén nang cao, va dé cap dén tng dung ciia né trong thé gidi thuc.

Tuy nhién dé hoan thanh bai bdo cdo nay, khoéng thé khong nhic dén su hd trg gidng
day ca trong 1an ngoai gid 1én 16p ciia hai ngudi thay - hai gido vién huéng dan va dinh
huéng cho nhém téc gid. Nhém chiing em xin g 16i cdm on chan thanh va siu séc nhéit
t6i Thac Si Lé Phiic Lit va Thac Si Tran Ha Son a!

ThS. Tran Ha Son

ThS. Lé Phuc Lu

Nhém tdc gia mong ring chuyén dé nay sé gitp ban hiéu ro hon vé Pagerank va tng
dung ctia n6, dong thoi khoi ddy su quan tAm va su to mo trong linh vic nay. Ching
t6i cling rdt mong nhan duge phan hdi va gép ¥ tit phia doc gia dé ching t6i cé thé cai
thién va hoan thién chuyén dé niy trong tuong lai.

Xin chan thanh cdm on!



G161 thiéu bai toan PageRank

SECTION 1

Hoan canh

Trong nhitng nadm 90 ctia thé ky 20, cdng cu tim kiém dau tién st dung hé théng xép
hang cic trang web dua trén van ban, tit dé quyét dinh trang web nao quan trong. Cé
nhiéu nhuge diém véi phuong phép nay. Hay lay vi du, néu mot ngudi tim kiém véi ti
khéa "Internet’, c6 thé gip khé khian. Ngudi duyét web c6 thé nhan duge mot trang
v6i tit khoa internet nhung khong c6 thong tin gi vé internet trén trang hién thi. Véi
phuong phap nay, cong cu tim kiém sé st dung s6 lan xuét hién cta ti trong cau hoéi
da cho dé tim kiém. Piéu nay khéng hop 1y khi trang duge tim kiém nhiéu nhat duge
hién thi dau tién thi c6 thé trang web d6 lai khong cé noi dung gi. Ngoai ra, cé thé cé
hang triéu trang web cé tiéu dé phit hgp va khi céng cu tim kiém dua ra tit ca nhiing
trang d6, diéu nay sé& giy can tré déi véi ngudi duyét web.

Ngoai ra, ngudi duyét web khéng c6 kién nhan dé kiém tra tat ci céc trang web dugc
dua ra. Thong thudng, ngusi diing mong doi trang lién quan dugc hién thi trong s
20-30 trang dau tién dugc cung cap bdi cong cu tim kiém. Béi vdy, can cé mot cong cu
tim kiém hién dai st dung phuong phip cung cip két qua tét nhat dau tién, phit hgp
hon nhiéu so v6i phuong phap xép hang vin ban cii hon. Mot trong nhitng thuit todn
manh mé nhét 1 thuit toin PageRank dugc st dung béi cong cu tim kiém Google.

Y tudng chinh ding sau thuit todn xép hang trang 13 tAm quan trong ciia mot trang
web dude du dodn bdi céc trang lién két dén né. Néu chiing ta tao mot trang web i cé
mot lién két dén trang j thi trang j dudc coi 1 quan trong. Ngugc lai, néu trang j ¢
mot lién két ngugc tit trang k (nhu www. google . com) chiing ta ¢ thé néi rang k chuyén
quyén kiém soat sang j (ttc 14, k khiang dinh ring j quan trong). Ching ta c6 thé gin
mot xép hang cho méi trang dua trén sé trang chi dén né theo cach lip lai.

SECTION 2

Gi6i thidu

PageRank 13 mét chii dé da dudc thio ludn réng rai béi cdc chuyén gia vé Toéi uu héa
Mdy tim kiém (Search Engine Optimization — hay viét tat 1a SEO). Cét 16i clia PageR-
ank 1a mot cong thitc toan hoc ¢ vé rat phitc tap, nhung néu duge don gian hoéa, né lai
dé hiéu. Dbi véi cac nha phat trién web, viéc hiéu vé khai niém PageRank 1a can thiét
dé nang cao xép hang clia trang web.

Hién nay, rat nhiéu céc trang website moc 1én nhu ndm trén thi trusng. Néu mot ngusi
ngdi tinh toin PageRank cho cac trang web khac nhau, diéu nay c6 thé 14 mot cong viee
té nhat. Vi tu dong héa dang lam cho cudc sdng ctia con ngusi dé dang hon, viéc tu dong
héa PageRank sé mang lai hiéu qua t6t hon cho World Wide Web (WWW). PageRank
13 mot thuat toan ma Google stt dung dé diéu chinh thit hang ciia cic trang web trong
két qua tim kiém ctia ho. N6 duge sang tao bdi Larry Page (chlt yéu) va Sergey Brin
khi ho con la sinh vién thac si tai Pai hoc Stanford va sau dé tré thanh thuong hiéu
ctia Google vao nam 1998.
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Két luan 1

G161 THIEU

PageRank khéng chi 4nh huéng dén nganh cong nghiép 14p trinh, ma con cé tac dong
dén linh vuc kinh té. N6 cling dugc xem 1a muc tiéu kinh doanh ciia moi coéng ty: xép
hang cao hon trong viéc hién thi trang web, diéu nay dugc coi la chién luge SEO. Cau
tric lién két cting véi chién luge SEO déng vai trd quan trong trong xép hang Page
(Page Ranking).

Déng sau moi thuit todn déu la co s6 todn hoc clia né duge xdy dung ti mi va ky
cong, trong dé c6 thé ké dén nhitng co sd vé ma tran va vector. Vi s6 luong trang web
dang ting lén timg ngiy, cic trang web phai dugc xép hang bang céch st dung cic
thuat toan nhat dinh. Dic diém ciia thuit toin PageRank ciia Google 13 né khéng cho
phép x4y ra tinh trang spam, y chi nhitng trang web dugc ma héa theo cich c6 thé thao
ting két qua xép hang va vi pham cic quy dinh duge thiét 14p bdi Google. N6 ciing tap
trung vao tdm quan trong ctia trang khi dugc trich din béi cic ntt quan trong khéc.
Viéc ndm 16 cach thiic hoat dong clia thuit toin PageRank sé gitp ching ta nhén ra
tam quan trong clia cic 1y thuyét vé Dai s6 tuyén tinh va do thi trong viéc xdy dung
mo hinh clia nhing céng ty 16n.

Né6i tom lai, PageRank 1a mot cong thitc toan hoc danh gia gid tri ctia trang thong
qua viéc xem xét sd luong va chat lugng ciia nhiing trang lién két dén né. Muc dich
chinh ctia PageRank 13 dédnh gi4 tam quan trong tuwong ddi clia website trong toan bo
hé théng WWW.



Dinh nghia 1

Dinh nghia 2

PAGERANK HOAT PONG THEO NGUYEN TAC GI?

SECTION 3

PageRank hoat dong theo nguyén tic gi?

Hom nay c6é hang triéu trang web va mdi trang chtta hang tin théng tin. Khi mét ngusi
duyét web truy cidp mot trang web, diém d6 hoat dong nhu diém bat dau cho viéce liét
ké. Biang cach st dung viéc chon ngdu nhién céc lién két, mot trang web c6 thé duge
truy cap nhiéu lan béi nguoi duyét web. Dé hiéu PageRank hoat dong nhu thé nao, tinh
todn ra sao, ta can chd ¥ dén nhitng dai lugng sau:

1. S6 lugng va chat lugng lién két vao (hay Internal Links, ky hiéu T) trén cdc trang
web

2. S6 lugng lién két ra (Outbound Links, ky hiéu C) trén mdi trang web

T nhitng dai lugng nhu trén, sau day la cach ma Google, hay chinh xac hon 1a Larry
Page va Sergey Brin, da gi6i thiéu vé cach thitc hoat dong ctia PageRank:

PR(T1) = PR(T2) PR (Tn)
) o

PR(A)=(l—d)+d-( + +...+ —
C(T1) C(T2) C(Th)

Trong d6, dai lugng T va C nhu trén, PR(A) 1 chi s6 PageRank ctia trang web A,
tuong tu cho PR (T;) va d 1a yéu t6 'damping’.

0 cong thiic vita 16i ta c6 dé cap dén yéu t6 'damping’ (damping factor)! hay con goi
14 chi s6 x4c suat. DAy 14 mot tham sb quan trong gitip m6 phong hanh vi cia ngudi
dung khi ho lut web. Yéu t6 nay biéu dién xac sudt ma ngudi diing tiép tuc luét web
sau mdi lan nhap chuodt vao mot lien két. Vi vay d € [0, 1]. Gi4 tri ctia yéu td damping
thuong duge dit 1a 0.85, diéu nay c6 nghia 13 ngusi diing sé tiép tuc ludt web vdi xac
sudt 85% sau moi lan nhap chudt, va 15% xdc sudt ho sé roi khéi trang hién tai dé
lu6t web ngau nhién.

Trong thuit todn PageRank gbc, PageRank ciia mot trang T luén dugc tinh todn dua
trén sb lugng lién két ra C(T) trén trang T. N6i cach khéc, trang T cang cé nhiéu lién
két ra thi cling dong nghia véi viéc trang A dude hudng it ’tai nguyén’ hon tu T. T
cong thiic, ta cling c6 thé thiy lién két tré dén trang A gép phan ting thém chi sd
PageRank ctia trang A. Cubi cling, téng clia cic PageRank da dugc tinh todn clia tat
ci céac trang T; duge nhan véi mot yéu t6 *damping’ d.

Dua trén nén tdng 1a cong thitc PageRank gbc (3.1), ta xdy dung dugc mot phién
ban tht hai nhu sau:

(Phién ban thit hai ctia cong thitc tinh PageRank)

1-d . PR(Ty)
PR(A)=T+d- D
i=1 t

1-d (PR(Tl) PR (T>) PR(T,,))

=——+d- + +.o

N C(T1) C(T2) C(Th)

Trong dé cdc dai lugng dude dinh nghia nhw & (3.1), chi thém N 1a s6 lugng trang
web.

1Nhﬂ’ng van dé khdc vé Damping
factor nhu tam dnh hudng dén
thudt todn PageRank hay viéc lya
chon cdc gid tri sé dudc dé cip &
phan (12).



PAGERANK HOAT PONG THEO NGUYEN TAC GI?

Nhan xét 1 | Khi ban doc bai bdo ciia Larry Page va Sergey Brin vé PageRank, ban thay ho chi
dé cap dén (1 — d) thay vi
todn PageRank va cdch n6 hoat dong. Trong thuit toin PageRank ban dau, (1 — d)
dai dién cho phan tram xac suat ma ngusi ding sé roi khoéi trang hién tai va bat dau

tim kiém trén toan bo web, trong khi d 1a phan con lai clia xdc sudt ma ngudi dung
sé tiép tuc di chuyén qua céc lién két trén trang hién tai.

. Biéu nay xuat phat tit cich hiéu co ban vé thuét

Cu thé, (1 — d) khoéng can chia cho téng s6 trang web 1a N vi né chi phan
anh ty 1é phan trim chung ma ngudi dung sé roi khoéi trang hién tai, khéng phu
thuoc vao sb lugng trang web ton tai. Phan d clia cong thitc sau dé dudc chia cho s6
lugng lién két dén moi trang dé tinh toan PageRank tuong doi clia ting trang diua
trén s6 lugng va PageRank clia cic trang lién quan dén né.

Diéu nay gidi thich tai sao trong nguyén 1y co ban clia PageRank, (1 — d)
dugce stt dung ma khéng can chia cho N, vi muc tiéu chinh 1a xac dinh ty 1é phan
tram ma ngudi ding sé roi khoi trang hién tai, khong phai phan phéi PageRank giita
tat cd cac trang web.

Vi dy | Ta sé& dén véi mot vi du don gidn dé c6 mot cai nhin téng quan vé céch tinh chi sb
PageRank.

Gia st c6 4 trang web A,B,C,D. Mbi dudng link tit trang web nay dén trang
web khic duge biéu dién bang mot mii tén c¢6 huéng. Hay tinh chi s6 PageRank ctia
titng trang web. (Gia stt chi s PageRank ban dau téng cong bang 1 va ban dau cac

trang web c6 chi s6 PageRank bang nhau) °'°

Ban dau vi tdng céc chi s6 PageRank bang nhau va téng bing 1 nén PR(A) = PR(B) =
1
PR(C) =PR(D) = 7 °

O lugt thit 2 ta tinh todn nhu sau: o

« Vitrang A dugc trang C tro lién két t6i, trang C lai cé téng cong 3 lién két t6i
cac trang nén ta duge

PR(C) 1 3 1 Hinh 1. M6 hinh & Vi du

PR(A) =
() 3 4 12

« Vi trang B dugc trang A va C trd lién két t6i, trang A va C lan lugt c¢6 tong cong
2 va 3 lién két ra nén ta dugc

PR(A) PR(C) 1
+ =

1 5
PR(B) = -2+ —-:3=—
2 3 4 4 24

« Vi trang C dugc trang A va D tré lién két t6i, trang A va D lan lugt c¢6 tong cong
2 va 1 lién két ra nén ta dugc

PR(A) PR(D) 1 3
+ =— =
2 1 4

PR(C) = 12+ il=g

1
e

« Vi trang D dugc trang B va C tro lién két t6i, trang B va C lan lugt c¢6 tong cong



PAGERANK HOAT PONG THEO NGUYEN TAC GI?

1 va 3 lién két ra nén ta dugc

PR(B) PR(C) 1 1
PR (D) = 1 + 3 =Z:1+Z:

1
3=—
3

0 nhiing lugt tinh tiép theo, ta 4p dung coéng thitc tuong tu nhu vy va két qua c6 thé
duge mo td nhu & bang dudi, sau 4 lugt tinh todn:

Luot tinh
Trang web 1 2 3 4
A 1/4 1/12 1/8 1/24
B 1/4 5/24 1/6 3/16
C 1/4 3/8 3/8 19/48
D 1/4 1/3 1/3 7/24

Bang 2. Chi s PageRank ciia cic trang web A, B, C, D sau 4 lan tinh

Tit cong thitc phién ban thit 2 ctia PageRank & (2), ta cé thé md ta giai thuat va viét
dugc ma gid (pseudo code) nhu sau:

Mo ta Thuat toan PageRank

1. Pau vao: Thuit todn nhan vao cdc tham sb sau: N 14 sb luong trang web
trong hé théng, d 1a yéu t6 'damping’, T; 1a tdp hop céc trang cé lién két dén
trang A, PR(T;) la gid tri PageRank ctia mdi trang T;, C(T;) 1a sb luong lién
két di vao tit méi trang T;.

2. Tinh todn PageRank: Sit dung biéu thitc sau dé tinh PageRank cho
trang A:

PR(A)=T+d

1—d (PR (T1) PR(T2) PR (Tn))
. + +...+
C(T1) C(T2) C(Th)

3. Pau ra: Két qua cudi cling 1a gia tri PageRank ctia trang A.

Algorithm 1 PageRank Algorithm

1: procedure PAGERANK(G, d, €) > PageRank evaluation algorithm
2 Input: G: adjacency matrix representing the graph

3 d: damping factor

4 €: convergence threshold

5: Output: PR: vector of PageRank scores

6 N <« number of nodes in the graph

7 Initialize PR as a vector of length N with equal values

8

9

repeat
: PRnew‘—(l—d)/N"'dXGXPR
10: A « [|[PRpew — PR||2
11: PR «— PRpew
12: until A < €

13: return PR




Dinh nghia 3

Dinh nghia 4

Tinh chét 1

Co s6 ly thuyét

SECTION 4

Ly thuyét dd thi va tap hop

Quy trinh hién tai vé xép hang trang web trén Internet dua trén y tuéng tinh todn phan
phéi xéc sudt clia mot bude di ngdu nhién trén do thi mang luéi Internet, noi cac nit
14 trang web va canh 13 lién két giita cic trang web. Dé két qua ctia qué trinh d6 duge
dinh 16, ching t6i gidi han su chd ¥ clia minh vao cdc do thi lién théng manh. Ta sé
dén véi nhitng dinh 1y, tinh chidt mang tinh co s§, nén tang sau:

Mot @b thi cé6 huéng G = (V, E) dudc goi la lién thong manh néu véi moi cip dinh
phan biét Vi, Vo € V, ton tai dudng di tit V1 dén V> trong E.

Dinh nghia nay lién quan méat thiét dén khai niém thanh phan lién théng manh cia
mot do thi c6 huéng. Strongly Connected Components (SCCs), hay thanh phan lién
thong manh 1a mét khéi niém co ban trong 1y thuyét dd thi va thuit todn.

Trong moét d6 thi huéng, moét thanh phan lién théng manh 13 mét tip con cla cic
dinh sao cho mdi dinh trong tap con déu cé thé di dén tit moi dinh khac trong cling tap
con thong qua cic canh huéng. Viéc tim kiém SCCs ctia mot do thi ¢ thé cung cip
nhitng hiéu biét quan trong vé cau tric va két ndi ciia dd thi, véi ting dung trong nhiéu
linh vitc nhu phan tich mang xa héi, crawling web, va dinh tuyén mang. Néu moi thanh
phan lién théng manh duge co lai thanh mét dinh, thi do thi sé trd thanh mot do thi
¢6 huéng khéng ¢6 chu trinh.

Doc gia cé thé tim hiéu thém ve SCCs thong qua céc thuit toan Kosaraju, Tarjan,
va Gabow. Nhiitng thuit todn nay déu cé thé tim cdc thanh phan lién thong manh ctia
mdt do thi cho trude trong thsi gian tuyén tinh. Ta sé& chi dimg lai & day véi céc khai

niém veé lién thong manh.

Néu R 1a mot quan hé (Relation) tit A dén A, thi R € A x A; ching ta néi R 1a mot
quan hé trén A. Ta ky hiéu aRb < (a, b) € R.

Mot quan hé R trén A duge goi la:

(i) Phan xa - Reflexive: néu (a, a) € Rq cho moi a € A

oy

(i) Khong phan xa - Irreflexive: néu (@, a) € R cho moi a € A

(iii) Ddi xiing - Symmetric: néu (a,b) € R = (b,a) €R chomoi a,b €A

CHUONG
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Dinh nghia 6

Dinh nghia 7

Dinh nghia 8

LY THUYET PO THI VA TAP HOP

oo

(iv) Phan xiing - Anti-symmetric: néu [(a, b) € R A (b, a) € R] = a = b cho moi

O

(v) Béc cau - Transitive: néu [(a,b) € R A (b,c) € R] = (a,c) € R cho moi
a,b,ceA

©

Mot quan hé tréng hay Empty relation R 1a tap con @. D& thiy né khéng cé
tinh phan xa. Dé kiém tra tinh ddi xing, chiing ta mubn biét litu aRb = bRa cho
tat cd a, b € A. Cu thé hon, ching ta mubn biét licu (a, b) € @ = (b, a) € @. Vi
(a, b) € @ 1luoén 1a sai, ménh dé két luan ludn ding. Do dé, mbi quan hé 1 dbi xtmg.
Tuong tu, né ciing 1a chéng déi xtmg va bic cau.

Mot quan hé hoan chinh hay Complete relation R 14 tdp hgp toan bo A x A. Dé
thay né phan xa, déi xiing va bac cau. Pong thdi né phan xing khi va chi khi |JA| = 1.

Mot quan hé ddéng nhit hay Identity relation R bao gdm céc cip c6
dang (a, a), v6i a € A. No6i cach khac, aRb khi va chi khi a = b. Khi d6 R phan xa,
déi xting, chéng d6i xtmg va béc cau.

(Sép xép trén mot tap hop) Vi A 1a mot tap hgp, mot quan hé R € A x A dugce goi
13 mot sap xép (Ordering) trén A néu né théa man céc tinh chat phan xa, bac cau,

day du va phan xtmg. Dat L(A) 1a tdp hop céc sap xép trén A.
Ky hig¢u: Ta quy uéc < 13 mét sap xép, khi d6 a~b néuva chinfua=<bvab=<a.

(Hé thong xép hang) Dat Gy 1a tap hop tat ca cédc do thi lién thong manh véi tap
dinh V. Mot hé théng xép hang (Page-ranking system) F 13 mot ham sé sao cho
ddi v6i mdi tap dinh hitu han V, né 4nh xa moi d6 thi manh lién thong G € Gy sang
mot sip xép 526 L(V).

Xét G = (V, E) 1a mot do thi c6 hudng, va v € V 1a mot dinh trong G. Khi d6: Tap
lien két ra (Outlinks) ctia V dugc dinh nghia 1& Sg(v) = {u|(v, u) € E}, va tap

lién két vao (Iternal links) ctia V 1a Pg(v) = {u|(u, v) € E}.
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Dinh nghia 10

Hé qua 1

PrOOF

Dar1 s6 TUYEN TINH & XAc sUAT THONG KE

SECTION 5

Pai s6 Tuyén tinh & Xac suit Thong ké

Ma tran thua (Sparse Matrix) 1 ma trdn ma phan 16n cic phan tit bang 0. Ngugc
lai s& dugc coi 1a ‘day dic’ (dense).

Ma trin x4c suit (Stochastic Matrix), hay con dudc goi la ma trdn chuyén
déi, dugce sit dung dé mo ta su chuyén ddi trong mo6 hinh ngudi luét web ngau nhién.
Day 14 mot ma trdn ma moi phan ti déu 1 sb thuc khong 4m va téng cic phan ti
trén mdi hang bing 1.

Khong c6 dinh nghia nghiém ngit vé ty 1& phan t& 0 dé mot ma tran dude coi 1 thua
nhung mot tiéu chi phd bién 13 s6 luong phan tit khac 0 gan bang sb lugng hang hoic
c6t. Nguge lai, ma tran dudc coi 13 day dac. T 1é ctia sb phan tt 0 so v6i sé phan ti
ctia ma tran doéi khi dugc goi la do thua cia ma tran.

C4 hai loai ma tran nay déu déng vai trd quan trong trong thuit todn PageRank,
gitp thudt toan tadn dung ciu tric dic biét ciia dd thi web va qué trinh di chuyén ngau
nhién ctia ngusi dimng dé dua ra xép hang trang web mot cach hiéu qua. Cu thé:

« Trong thuit toan PageRank, ma tran chuyén (transition matrix) dai dién cho
do thi web, v6i cac phan tit biéu dién khé ning di chuyén tit mot trang web dén
trang web khéc. Do dd thi web thudng rat 16n nhung chi cé mot sé lugng han ché
cac lién két gitta cdc trang web, ma tran chuyén thudng 13 ma tran thua.

« Trong thuit toan PageRank, ma tran xic suat duge sit dung dé moé hinh héa qua
trinh di chuyén ngau nhién cia ngudi ding trén web. Mdi hang ciia ma tran xac
suat dai dién cho kha ning di chuyén tit mot trang web dén tat ci cic trang web
khéc, véi tong cac kha niang nay phai bang 1. Viéc sit dung ma tran xac suat gitp
thuat toan PageRank mo phoéng chinh xdc hon qué trinh di chuyén ngdu nhién
clia ngudi dung trén web, tit d6 dua ra xép hang trang web mot cich chinh xéc
hon

Ma tran xéc suat con duge goi 1a Ma tran Markov (Markov Matrix). Nhiéu tac gid viét
chuyén vi cia ma tran nay 13 AT va nhan vao bén phai ciia mot vector hang p. Trong
tai lidu nay ta sé ghi 1a A - p. Diéu nay 16 rang la tuong duong.

Ta goi mot vector p véi cac phan tit khong am pg sao cho téng cic px bang 1 14 mot
vector xéc suat (Stochastic vector).

Luu v 1a chi can téng céc phan tit ctia p bang 1 thi p 14 mot vector xéc suit. Nghia 13
dinh nghia nay c6 thé dudce 4p dung cho ca vector cot va hang. Tt d6 thi nhitng hé qua
nhu duéi day cting diung véi ca hai loai vector nay.

D6i véi mot ma tran xdc sudt, mdi cét/hang 1a mot vector xdc sudt. Néu p 1a mot
vector xac suat va A la mot ma tran xac suat, thi A - p 14 mot vector xdc suat.

Ta sé chtimg minh hé qua trén véi A 13 ma tran xdc suat cdt va p 1a mot vector xac
suat cot. Gia st V1,..., Vo 1a cdc vector cdt ciia A. Khi d6 V1, Va2, -+, Vp 1A céc
vector xac suat, dong nghia véi viée téng cdc phan t& cia mdi v bang 1.

T £
bat p = [pl p2 .- pn] , do p 1a mdt vector xéc suat nén p1, P2,...,Pn = 0 va

200
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Hinh 4. Ma trdn A nhu trén
la mot ma tran thua kich thuée
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Hinh 5. Ma trdn B nhu trén
14 mo6t ma tran xic sudt hang
kich thuée 3 x 3 vi téng céc
phan t& mdi hang bang 1
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Dar1 s6 TUYEN TINH & XAc sUAT THONG KE

pi1+p2+---+pn=1
Khi d6 tich A - p dudc biéu dién nhu sau:

| | P1

|

Vi V2 -+ Vp P2
|
|

Ap=1 ||| [ =P1vitp2vat -+ pnVn

| 1 |,
Day la tich ctia mdt ma trdn N x N va N x 1 nén két qui sé cho ra mdt ma tran N x 1,
tuong duong mot vector c6t N hang. Viéc con lai 1a chitng minh téng céc phan ti ciia
A-p bang 1. That vay:

DUA-p)= D s=.> pivi=) (P1V1+pP2Va+-cc+PpVn)
1

se(A-p) i=

n
=Zpi Z S=p12V1+p22V2+"'+PnZVn
i=1 )

se(v;

Vi vi=1 chomoili tacé: D.(A-p)=p1+p2+---+pp=1. Vay ta c6 diéu phai
chimg minh! O

Mot ma tran xdc sudt A ludn cé mot tri rieng (eigenvalue) bang 1. Trong khi dé
céc tri riéng phan biét khic sé c¢6 gid tri tuyét ddi nhoé hon 1.

Ta sé chting minh hé qua trén véi vector va ma tran xéc suat cot. Xét ma tran chuyén
vi clia A 13 AT, dé& thiy cdc vector hang ctia AT 1 vector xdc sudt. Do dé, tong céc
phan t trén mdi vector hang ctia AT déu bang 1. Mit khdc, ma tran chuyén vi AT
c6 vector riéng:

1

Bdi vi A va AT ¢6 cling dinh thitc, nén A — Al va AT — Al ¢6 ciing dinh thic, tit
d6 céc gid tri rieng cia A va AT 1a nhu nhau. Véi viee AT ¢6 mot gia tri rieng 1a 1,
thi A cliing c6 mét gia tri riéng 1a 1.

Gid st v 1a mot vector riéng véi gid tri rieng |A| > 1. Khi d6, A"v = |A|"v
c6 téc d6 tang theo cap s6 nhan khi n — 00. Piéu nay cé nghia la véi n da 16n, ton
tai mot hé s6 [A"]; 16n hon 1. Tuy nhién, A” 13 mot ma trén xdc suat va tat ca cac
phan ti& ciia né déu < 1.

Ta thiy dugc diém mau thudn, nén gid thiét ton tai mot tri rieng A sao cho
[A] > 1 1& sai. Ta c6 diéu phai chitng minh! O

(Markov chain) Cho Xg, X1, ++-: Q — [E 1 mot tién trinh ngadu nhién dugce dinh nghia
trén khong gian (Q, £, P) va céc trang thii E = {1,2,.--,n}. Khi d6, Xo, X1,---
duoc goi 13 mot xich Markov v6i phan phéi ban dau 1a v = (v1, V2, -+, Vn)' vi ma

10



Dar1 s6 TUYEN TINH & XAc sUAT THONG KE

tran chuyén A = (pjj) néu théa man:
P(XO = iOr X1 = ilr coe, Xn = ln) = VigPigi1 " Pin_1in (51)

v6in=0,1,.-- tuy y la ip, i1,:++,in €E
Dua vao (5.1), ta suy ra duge mot sd hé qua sau:

Hé qua 3 | Néu tap S 1a hitu han thi ta c6 mot xich Markov hitu han. Dat pj = P(Xp+1 =jlXn =
(), khi d6 pjj khong phu thudc vao n, cu thé:

pij=PX1=jXo=0)=PX2=jIX1=0)=P(Xz3=j|X2=0=...
Néu m < n va P(Xn+h = jIXm+h = 1) = P(Xn = j|Xm = i) v6i moi h, thi ta néi xich

Markov nay 1a thuan nhat.

Dinh nghia 12 | (Ma tran xéc suit chuyén trang thai) Gia st tap trang thai S = {1,2,3,...,r} va
pij = P(Xn+1 = jIXn = ). Khi d6, ma tran

P11 P12 - P1r
_ P21 P22 -+ P2r

Pr1 Pr2 *** Prr

dudc goi 1a ma tran xdc suit chuyén trang thai sau mot bude.

Luwuy Taluon c6 pi = 0 v6i moi i va ZQ=1PU< = ZZ:l PXn+1=Kk|Xn=10)=1.

Tiép sau day la nhitng ndi dung kién thic vé Phan phdi xic suit trang thai - State
Probability Distribution.

Dinh nghia 13 | (X4c suit chuyén sau N budc) Xac suat chuyén sau n budc duge dinh nghia nhu sau:

P = P(Xnem = jiXm = 1) = P(Xn = j|Xo = D,
& wte p©@ 1 néui=j
cCP; = £ x .
Ve any Py 0 néui#j
Gia st c6 khéng gian trang thdi S = {1,2,3,...,r}, phan phdi ctia bién Xp
dugc cho béi

M = (P(X, =1), P(Xn=2),...,P(Xn=r)).

Khi d6 phan phéi ciia bién Xo 70 = (P(Xo = 1), P(Xo =2), ..., P(Xo =r)) dugc
goi 1a phan phdi ban dau ciia hé.

Dinh nghia 14 | (Egordic) Xich Markov véi tién trinh Xo, X1, -+ v6i ma tran chuyén P = (pjj) tuong
n

tmg v6i trang thai thit N cia ma tran P(M = (pfj ))(= P™) dudc goi la egordic néu

11
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Dar1 s6 TUYEN TINH & XAc sUAT THONG KE

gi6i han

M= lim p(")

n—oo
1. ton tai v6i moi j € E
2. tat ca 1a s6 duong va khong phu thudc vao ( € E

3. m=(my, M2, -++, Mp) 1a vector bién cd, titc Zje[E m=1

Dinh nghia 15 | (non-negative va quasi-positivity) Ma trdn non-negative va quasi-positivity duge dinh
nghia nhu sau:

1. Mot ma tran vudng n x n P = (pj) dugc goi 1a non-negative (khong am) néu
tat ca cac phan tit p;j = 0, Vi,je[1,n]

2. Mot ma tran vudng n x n P = (pjj) dugc goi la quasi-positivity néu ton tai ng
nguyén duong sao cho tat ci cdc phan tit ctia P0 duong.

Dinh Iy 1 | T trén, ta rit ra dude mot ma trdn bién cd hang P dudc goi 1 egordic néu va chi
néu ma tran P 13 ma tran quasi-positivity.

ProoF | Ta chi can chimg minh chiéu ma tran P 13 ma tran quasi-positivity thi né sé 1a egordic
(vi chidu xu6i 1 hién nhién theo dinh nghia ciia egordic)
Véi ma tran bién ¢b hang P, ta c6 ding thitc sau: P(+M) = p(n)p(m) (= pm+n)
(n+ 1) n
Tu do, ta rut ra dugc: Pjj I;:Ep[ Pyj
€

Dit m}”) = Minjer pff') >0 v M}") = MaXier pl(.f) > 0 thi ta rit ra dugc

1 1
m{™* = min p{"* )—mlnpz,Zplkpk, >mlnpuZplkmmp,, =minpy” = m;”

i€k

Do d6, ta thu dugc m](”+1) > m}") v6i N 2 0. Chitng minh tuong tu, ta thu duge

MM <MD wsin>0

V6i ma tran chuyén P, ta can chitng minh ton tai giéi han 1 = I|m pjj () ,Vj € E hay
N . . : (n) (n)y _

ta can chitng minh r!LrQO(M/ —m; )=0

Xét 2 trang thai ig, jo € Evaxét E' = {k €eE: pf:lg) > pj(glg)} va E” =E\ FE’

Diit a = mingjeep® > 0 thi

(no) (no)y _ (no) (no)
D Wk =P ) =1= > pie’ = D, P <1-na
keE’ keE”’ keE’

2 (00 =Py == 2 (il =)o)
keE’ keE’
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Mac khéc, 4p dung cong thiic trén véi n < 0, ta dugc:
(no+n) (no+n) (no) (no)Y (M
Piya pJo/ - Z (plok pjok )pk}
keE
(no) (no)Y (M (no) (no)Y (M
=2, (onk ~ Pjok )pk] + 2, (onk ~ Pjok )Pk/
keE’ keE”

(no) (no)Y ps(M (no) (no) (n
< 25 (ol = )M + 3 (Pigl’ = pjok’ ) mj
keE’ keE”’

(no) (no)

Z (ptok p/ok )
4
eE’

(n) (no) (no) (n)
M/ - Z (pjok — Pigk )mj
(no) (no)

keE”’
Piok” — Pjok

( (n) (n))
< (1 —na) (M}") — m](”)) .

T d6, ta rat ra duge Mn0+n j(no+n) < (Mj(n) }n)) (1—na)

Tt d6, véi k = 1, bang quy nap, ta thu dugc:

no+kn (no+kn) (n) (n) k
MoK — <(M" —=mi”) (1= na)

Do dé

lim (Mno+kn m(no+kn)) -0

k—o0 J

T d6, ta suy ra duge luén ton tai ;.

Hién nhién 1 > 0 vi mj = nlirgopfj") > nllngom/( )

P ) o ; (MY _ (n

Hon thé nita, ta c6 Z = Z (JI_)I‘T;\O pjj ) = nll_)l’T(‘)lo (Zp )
Jjek Jjek

Dinh ly trén da dugc chtimg minh. O

(no)

>m >a>0

Cho xich Markov {Xp,n =0,1,2,...} v6i ma tran xac suit chuyén sau mot budce
13 P, khi do:

() D) =qMp vwin=0,1,2,...
(i) M = nOpn v6in=0,1,2,...

Dé chitng minh dinh 1y trén cho chudi Markov {Xp,n = 0,1,2,...} véi ma trin
xéc suat chuyén sau mot bude 1a P, ta can hiéu rang (" bidu dién phan phéi xéc
suét ctia chudi Markov sau N bude. Pinh 1y dé cap dén céch tinh phan phdi xac suat
sau moi budc va sau mot chudi sé bude.

Chitng Minh 1: n("+1) = g(np

Gia st (M 13 phan phdi x4c suat sau N budc, tic la T[l(n) la x4c sudt gap
trang thai { sau n bude. D8 tim m("*1) ta cAn xem xét cach ma chudi Markov tién
héa tit trang thai { sau N budc dén trang théi j sau (n + 1) budc.

o Trudc tién, tit trang thai { sau N bude, chudi c6 thé di chuyén dén trang thai

j sau (N + 1) budc thong qua mot bude chuyén tit trang thai i dén mot trang

13
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Dar1 s6 TUYEN TINH & XAc sUAT THONG KE

thai tam thoi k, sau dé tir trang thai k dén trang thai j. X4c suit cho viée nay
xay ra la T[l-(n)P[kij.

o To6ng hop tat ca cac cach ma chudi c6 thé di chuyén tir trang théi { sau n budc
< o . A (n+1) _ (Mp. p, .
dén trang thai j sau (n + 1) buée, ta nhan dude ; =D kesT;  PikPx;.

Didu nay chimg minh ring n("*+1) = g(Mp.

Chitng Minh 2: (" = r(0)pn

Ching ta biét rang m(® 13 phan phéi ban diu clia chudi Markov, tic 13 xéc
sudt khéi dau & mbi trang thai. Dé tim 1", ta cAn xem xét cich ma chudi Markov

tién héa tit phan phdi ban dau (0 sau n bude.

e Theo dinh nghia, 1M = ("™ DP i vy ta c6 thé viét (M = (nOpr—1)p =
n(@pn,

Didu nay chiing minh ring 7" = 7(Opn,
Nhu véy, c& hai phan ctia dinh 1§ déu dude chitng minh! O

(Phan phdi dimg) Phan phéi ban dau duge goi 1 dimg néu (™ khong phu thude vio
n, tuc la:

n=m"MP hay m=mn"
Cho vector hang T = (11, T2, ..., M) théa m; = 0 va > m; = 1 dudc goi 14 phan
€S
phéi dimg (Stationary Distribution) ctia xich Markov v4i ma tran chuyén trang

thai P néu

ZT[["PU=T[], Vjes
i

Nghia 13 7 1a nghiém ctia hé phuong trinh tuyén tinh

m-P=m

Gia sit ching ta ¢6 mot xich Markov véi ma tran xac suat chuyén trang thai sau:

0.3 0.6 0.1
P=10.2 0.50.3
0.1 0.3 0.6

Phan phéi ding 7 = (71, T2, 3) 1a nghiém ctia hé phuong trinh:

0.3m1+0.2m + 0.1t3 =11
0.6m1 +0.5m +0.313 =1
0.1m1 +0.3m + 0.6m13 =13
m+m+mn3=1

Giai hé phuong trinh trén, chiing ta sé thu dugc phan phdi dimg m = (1/6, 1/3, 1/2).

14
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Dinh Iy 3

ProoF

Dar1 s6 TUYEN TINH & XAc sUAT THONG KE

(Bat kha quy) Mot xich Markov v6i ma tran chuyén trang thai P 1a bat kha quy néu
v6i moi trang théi i,/ € S, ton tai mot s6 nguyén duong N sao cho phan tit & hang i
cOt j ctia ma tran P 14 s6 duong.

Chu ky d(i) ctia mot trang thai i duge xdc dinh bdi cong thiic
d()) =gcd{n:pi(n) >0}

c6 nghia 14 néu goi S 14 tap hop céc phan tit sb 1dn quay lai trang thai i tir { thi
d(0) 14 w6c chung 16n nhat clia nhitng phan tit ciia S.

Ching ta goi trang thai { 1a tuan hoan (periodic) néu d(i) > 1 va phi tuan
hoan (aperiodic) néu d(i) = 1.

Hoi qui duong (positive recurrent hay persistent) nghia 1a thoi gian dudgc
ki vong trd lai trang théi ban dau la mot gia tri duong cho moi trang théi.

béi véi ting dung dit litu trong cudc séng, ching ta st dung cdc mo hinh ma & dé
MCMC (Markov Chain Monte Carlo) dugc xdy dung theo hudng ergodic, ¢6 nghia la
mdi trang thai ciia chudi Markov ma chiing ta sit dung & cdc mé hinh nay déu 1a ergodic.

(Kac-Bernstein) Vi moi xich Markov bat kha quy, néu hdi quy duong thi ton tai

duy nhat mét phan phéi dimg va duge xéc dinh béi m; = —, trong d6 U; 1a thoi gian
Mi

trung binh trd lai trang théi i. Khi d6 vector phan phéi ditng c6 moi thanh phan déu

duong.

Nguge lai néu xich Markov khong hdi quy duong (null recurrent) thi khong
ton tai phan phéi ding.

Ta sé chimg minh dinh 1§ Kac-Bernstein trén hai khia canh: Su ton tai clia phan
phéi dimg va tinh duy nhét (doc nhat) clia né.

1. Tinh tén tai: Mdi xich Markov bat khd quy c6 hdi quy duong déu cé
mdt phan phdi dimg.

Goi mot vector V 1a mot vector phan phdi ditng néu VP = V. Diéu nay hoan
toan gidng nhu mot phan phdi dimg, ngoai trit viéc khong c6 didu kién chuan hoéa
rang tong ctia né phai bang 1.

Gia stt rang (Xp) 1a hdi quy (khong quan tam 13 hdi quy duong hodc khéng,
ké c& bat thuong - transient).

Nhiém vu dau tién ctia ching ta s& 13 tim mot vector phan phdi ding. C6
dinh mot trang thai ban dau k, va goi V; 13 s6 1an ’ghé tham’ trang théi i trudc khi
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quay tré lai k. Cu thé:

Vv; = E(# visits to { before returning to k | Xg = k)
My
=EMy > P(Xn =i|Xo =kK)

n=1

(e 9]
=Z[F°(Xn=iandnSMk|X0=k)r
n=1

trong d6 Mk 1a thdi gian trd lai. Theo dinh nghia nay, Vk = 1, vi 1an duy nhét thim
k 13 lan trd lai chinh né.

Vi V ¢6 thé coi nhu dém s6 luot thim cadc trang thai khic nhau trong mot
khoéng thdi gian (ngdu nhién) nao dé, ta nhan thay v phit hgp dé dugc chuan héa
thanh mo6t phan phdi ding, nghia 1a V chinh né ¢6 thé 14 mét vector phan phdi ding.

Ching ta mudn chiing minh rang >; Vi - pjj = V;. Ta sé kiém tra dicu dé:
[o0)
Zvipij = Z Z P(Xp =iand n £ Mg | Xo = k)pjj
ies ieSn=1

[ee]
= > > P(Xp =iand Xp+1 =j and n < My | Xo = k)

n=1ieS

(e}
=Z|P(Xn+1 =jand n < Mg | Xo = k).
n=1

0 day viéc hoan déi thit tu clia cdc tong 14 hop 18, vi tinh hdi quy ctia xich ddm béo
rang Mg 1a hitu han véi x4c suat 1. Dé ¥ thay vi dém sb lugt tham tir 1 dén My,
chiing ta c6 thé dém s6 luot thiam tir O dén Mg — 1. Ta c6:

Z Vipij =

ieS

NE

P(Xpi1=jand n < Mg —1|Xo =k)

3

I
s &

P(Xp+1=jand n+ 1 < Mg | Xg =k)
=1

3>
+
fany

P(Xn =j and n £ Mg | Xo = k) = vj.

n=1

Véy V thuec su 13 mot vector phan phéi ding. Ta da chimg minh duge ton tai vector
phan phéi ding.

Bay gid ching ta c6 thé chuan héa V thanh mot phan phdi dimg bing céch
chia cho >};Vi. Nhung dé y diéu nay chi c6 thé duge thyc hién néu Y ;v 1a hitu
han. Ma Zi Vi chinh 13 tdng s6 luot tham trang thai trude khi quay lai Kk, titc 1a thoi
gian trung binh tré lai uk. Gia sit (Xn) hoi quy duong, tit d6 Uk 1a hitu han. Vay ta
c6 = (1/Uk)V la mot phan phoi dimg. Tinh ton tai clia phan phdi ding khi xich
Markov bat kha quy va hoi quy duong da duge chiing minh!

2. Tinh duy nhit: P6i v6i mot xich Markov bat kha quy, hdi quy duong,
phan phdi dimg 1a duy nhét va duge cho béi m; = 1/4;.
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Gid st T 13 mot phin phéi dimg ta di tim duge khi xich Markov bat kha
quy va hoi quy duong. Ta can chimg minh m; = 1/u; véi moi i.

That vay, dau tién ta co:

He =1+ prinjk (5.3)
J

Vi cong thitc nay ciing lién quan dén thdi gian trung binh dén trang thai k, ta ciing
cé

nk=1+ Zpijr)jk cho moi i # k (5.4)
j

Tt biéu thite (5.4), nhan 2 vé véi M va ldy tong trén céc ( # Kk, ta duge
D iminu= > m+ . > mpinjk. (5.5)
i i#£k T £k
Dé ¥ 1a tong & vé trai c6 thé coi 1 trén toan bo i, vi Nkk = 0.) Tiép theo, nhan 2 vé
ctia biéu thitc (5.3) véi Mg dé cé
Mtk = Tk + | TPkjjk (5.6)
J
Cong vé theo vé 2 biéu thitc (5.5) va (5.6), ta suy ra
Z MiNik + TkHk = Z i+ ZZ TiPijNjk
i i jooi
Ta lai ¢6 Zi P = Tj va Zi ;= 1, nén
DTNk + Tk = 1+ > minjk
{ J
1
SNk =1l S M = —
Mk
Té6i day ta c6 diéu phai chimg minh! O

(Phéan phoéi gi6i han ctia chudi Markov - Limiting distribution of Markov chain)
Cho ma tran xdc suat chuyén trang thai P, dit mj = limp—co P(N)jj.

Néu xich Markov {Xg, X1,... v6i ma tran xdc suit chuyén P thda ton tai
mot s6 nguyén duong m sao cho P™ cé tat ca cidc phan tit déu duong, va c6 phan
phdi dimg T, thi P(X, = () sé hoi tu t6i m; khi n — 0. Khi d6 moi hang ctia ma
tran P" sé hoi tu t6i m khi N — oo.
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Ta cé cai nhin téng quan vé mdi lién hé gitta cic trang thai trong mot xich Markov nhu
sau:

Bét kha quy

Khong gian trang thai
hiFru han?

L.

Ton tai .
phén phéi dirng? Hii quy dirong

YES

Phi fudn hoan?

Khéng hdi quy
durong

Chuyén tiép P(X, =j) = m
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DINH LY PERRON - FROBENIUS

SECTION 6

Dinh ly Perron - Frobenius

(Perron - Frobenius) Cho ma tran n x n A la ma tran duong, tic la Aj; > 0, VO <
i, <n.KhidbA cé mot tri rieng 16n nhat duy nhat. Vecto riéng tuong tng clia né
ciing c6 cic phan tit déu duong.
Ta c6 nhitng diéu can luu y nhu sau:
1. O trén ¢6 néi tri riéng 16n nhat duy nhat, diéu nay khéng cé nghia la tri riéng nay

14 duy nhat.

Toén hoc dinh nghia tri riéng 16n nhat nay 14 tri riéng troi (dominant eigenvalue).
Va s6 1an ma mot tri riéng A xuat hién trong da thitc diic trung (characteristic
polynomial) ctia mot ma tran 1a sb boi dai s6 (algebraic multiplicity) clia
tri rieng do6, ky hiéu 1a u(A)

Vay dinh Iy muén chi ra néu ma tran c6 mot tri riéng 16n nhét 1a A thi y(A) = 1.

2. Néu A 1a ma tran duong thi tri riéng troi A 13 duy nhat, hay g(A) = 1. Con néu
A chi ¢ céc phan tit déu khéng d4m (van c6 thé c¢6 0) thi g(A) >=1

Dinh 1y Perron - Frobenius déng mét vai tro 16n trong thuit todn PageRank. Cé nhiéu
cach dé chitng minh dinh 1y trén, & phan nay nhém téc gia sé gisi thiéu mot phuong an
chitng minh thién vé hinh hoc.

Dé phuc vu cho viée chiing minh, sau day 1a mot s6 nhitg két qua déng chu ¥:

(Khong gian Metric) Cho X 13 mot tap khac rdng, xét mot phiém ham (titc 1 mot
4nh xa c6 nguon la tap so) 14

d:XxX—[0;+00)

(x, x") — d(x, x")

Cap (X, d) dé7\sé dudc goi 1a moét khong gian metric (v6i d goi 1a khodng cdch), néu
no6 thoéa man dong thai cac dieu kién sau day:

1. Xdc dinh duong: d(x,x’) =0 Vx,x'e€X

2. Poi zing: d(x, x’)=>0 Vx,x' €X

3. Bt ddng thite tam gidc: d(a, b) < d(a,c)+ d(c,b) Va,b,ceX

Cip (R, d) véi d(x, y) =[x — y| 14 mdt khong gian metric. Khong gian hinh hoc 3
chiéu v6i d 1a khoang cdch hinh hoc thong thudng cling vay.

(Khong gian metric day di) Khong gian metric X goi 13 day di néu cho mot day Xp
cac phan tit sao cho néu N, M cang 16n thi X, va Xm cang gan nhau (tinh chat nay
dugce goi 1a tinh chat Cauchy) thi ton tai mot phan tit X trong X sao cho X, cang
ngdy cang gan véi X (tinh chat nay goi 1a hoi tu vé x).
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Dinh Iy 6 | (Anh xa co) Cho khong gian metric diy dit X. Cho f : X — X. Gi& sit ton tai Y
0 < a <1 sao cho v6i moi X, ¥ ta c6

df(x). f(y)) <a-d(x, y)

Khi dé ton tai duy nhat Xg théa man f(Xg) = Xo, va néu ta xét diy X, nhu sau: S R
X2 = f(x1), X3 = f(X2),... thi X, hoi tu vé X.

Ha qua 5 | f thoa tinh chat trong dinh 1y nay goi 1a 4nh xa co vi khoang cach gifta céc diém anh
ctia f nhé hon khoang cach gitta céc diém ban dau, nghia 1a f lam céc diém co lai.

Tit nhitng két qua trén, ta bat tay vao chimg minh dinh 1y (5) nhu sau:

Hinh 9. M6 phéng hinh cau

Proor | Quan sét hinh cdu X2 4. ..+ x2 = 1 va giao vdi khong gian {x1>0,...,Xx, > 0}.
1 a X2+, +x2=1

Trong khong gian hai chiéu, mét hinh cau dudc gidi han bdi khong gian duong sé 1a
mot phan ctia mit phang thit nhit (gbc phan tu thit nhit). Trong khong gian ba
chiéu, né s& 1a mot phan ciia khéi 1ap phuong dau tién (géc tdm phan tu dau tién).
Diéu nay tao ra mot tap hop déng va dude gi6i han, & day ta sé goi 1a X.

Ton tai mot anh xa T trén X, cho béi cong thic

TX—-X
Av
voT(v)=X—
|AV]
vi cdc phan t1t clia ma tran A 1a khong am. Ma T - X duong nén né sé 1a mot tap con Hinh 10. Ung véi n = 3

khong chtta phan ti nao & bién ctia X.

Ta thiy diy 1 mot 4nh xa co, bdi ton tai 0 < k < 1 sao cho d(Tx, Ty) < kd(x, y),
v6i d(x, y) 1a khodng céch gitta 2 diém X va y trén hinh cau.

Theo dinh ly (6), do T 1a mét anh xa co nén ton tai mot bat dong duy nhit
la v. DAy ctung chinh la vecto riéng v thoa AV = AV ma ching ta dang tim. Bay gio

ta da thay rang trén X, chi c6 mot vecto riéng nhu vay.

Moi vector riéng khic AW = UW phai c6 moét phan ti toa do la sb am. Viét
|w| cho vector véi cac toa do |wj|. Phép tinh sau

lullwil = luwil = |Agwjl < |Agllwjl = Aglwjl = (Alwl])
chitg t6 |u|L < AL vi (A|w]|) 14 mot vecto ¢6 do dai nhd hon AL, véi L 14 do dai ctia w.

Vi |u|L < AL véi L khac khong, ta c6 || < A. Ta c6 diéu phai chitng minh!
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Lién hé vot mo hinh do thg

SECTION 7

Xay dung

Trudc tién ta c6 mot hudng xay dung ma tran PageRank dudi dang mo hinh do thi dua
trén cic Iy thuyét vé quan hé sap xép va tap hgp, cu thé la dinh nghia (7) va (8):

Section 7. X4y dung
Section 8. Liiy thita ma tran

bit G = (V, E) 1a mét dd thi c6 hudng, V = {Vv1, V2, ..., Vo }. Ma trén PageRank
Ag (kich thuée n x n) duge dinh nghia nhu sau: Bang 4. Noi dung cia
CHuoNG 111

1 P
—— neéu(vj, vi) €EE
[Alij={ el (v Vi) .
0 néu ngugc lai

D6 chi 1a cong thitc duge xdy dung dua trén nén tang vé 1y thuyét do thi va tap hap.
Ta c6 thé dinh nghia don gidn hon théng qua y tudng chinh ctia thuit toin Pagerank.

Nhu da dinh nghia & phan (I), thuit toan Pagerank hd tr¢ dé danh gid mot trang
web c¢6 tot hon trang web khac hay khéng théng qua viéc gn trong sé cho trang web
khéc. N6 phu thudc vao sb ludng céc trang web cé trong sb cao khac lién két dén va sb
lugng trang web lién két tuong d6i it v6i may trang web khéc.

Xét d6 thi c6 huéng W(V, E) véi tap dinh V 1a tdp hop clia cdc trang web va tap
canh E 13 céc hyperlink. Ta c6 thé biéu dién d6 thi trén théng qua ma tran ké L véi
n = |V|. Phan ti& Lj = 1 néu trang { c6 lién két dén trang j va bang 0 khi khong c6
lién két dén. Khi d6 L dudc goi 1a mot ma tran lién két (Hyperlink Matrix).

n

bat m; = Z Lik 13 téng sb luong lién két ra ciia trang web i. Tat ca cac dinh nghia
k=1

& trén ta c6 thé tong quat héa né thanh d6 thi trong sd cé huéng trong truong hop

cc phan tit Lj = 0. Ma tran chuyén P dugc dinh nghia 13 ma trén ma céc phan ti

if s < 2
Pij = - trong trudng hgp m; > 0 va bang 0 khi m; = 0. Dé thay khi m; > 0 thi
mi
hang i chinh 13 ma tran chuyén déi hang, tiic tong tat ca cic phan ti trong hang i bang 1.
Ta xét mo6 hinh du khach ngdu nhién. Du khich di chuyén doc theo céc canh cta
do thi c6 hudng. Néu tai bude thit k, du khac & trang . Khi d6, tai budc thit kK + 1 thi

xac suat dé du khéach di chuyén dén nhitng trang ma trang i lién két dén 13 nhu nhau.
R6 rang, N trang web trén cé thé dude coi 1a n trang thai ctia xich Markov v6i ma tran

chuyén P. Gia st tai budc thit K ta xét k) = (T[fk)) 1a cic xac suit cho du khich dang
& trang { tai budc thit kK dén cac trang khac. Khi d6, xac suat dé du khéch di dén trang
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XAY DUNG

j tai bude thi k + 1 la:

nop
n}kﬂ) = ZP(‘jTl'l-(k) =>. —j'nfk) hay mk+1) = g(K)p (7.1)

ey =1 M
(Néu tat ca cdc trang déu cé lién két ra thi T[/(k+1) chinh 14 phan phéi x4c suit).Trang

théi can bang ctia bién d6i (7.1) phan dnh chinh xdc muc tiéu moé hinh ctia ching ta
dang xem xét. (7.1)
Tt ¢ong thite (7.1), ta rit ra duge:

o T & bubc k + 1 dong bién v6i m; & bude k: tic 1a néu nhu trang web i 1a mot
trang web noi tiéng va c6 lién két dén vai j thi sé ting miic &nh hudng ciia j.

e T 6 bude kK + 1 nghich bién v6i m;: titc 14 néu nhu trang web { ¢6 qué nhiéu lién
két t6i cdc trang web khéc thi uy tin ma { déng gép cho j cang it.

T d6, ta ¢6 dinh nghia sau:

Vector Pagerank (stationary vector) 1a vector T tai diém can bang cia ma tran chuyén
P v6i cac phan tit khong 4m (13 trang thai cAn bang ctia xich Markov), titc 1a:

m=TP (7.2)

Tt dinh nghia trén, ta c6 cac van deé sau:

1. Néu ma tran P ¢6 mot hang ma tit ci cdc phan tit déu bang 0, tic 13 trang dé
khéng cé lién két v6i bat ki trang ndo. T dinh nghia trén, ta rat ra duge m; =0,
trong khi d6 ma tran chuyén ciia xich Markov 13 moét ma tran bién c¢b theo hang.
Do dé, khi c¢6 mot hang ma tat ca cdc phan tit bang 0 thi dén bude tht k nao d6
thi tat c& cdc phan ti clia ma tran chuyén sé bang 0, n6é khong khac gi hd den,
ndi ma cac vat thé tién vao thi khong thé di ra. Chinh vi viy, ta phan phai c6 cich
gidi quyét va ta sé& gidi quyét né & phan (?7)

2. Tit cong thitc (7.2), ta rit ra duge ma tran chuyén P c6 mét tri riéng 1a 1. Nhung
trong thue té, liéu ma tran chuyén P luon luén c6 tri rieng 1a 1 va @ng véi tri riéng
dé sé chi c6 duy nhat 1 vector riéng? Pé c6 duge diéu d6, ma tran A phai thoa
méan 2 diéu kién sau day:

(a) Do thi c6 husng W(V, E) phai 1a mot do thi lién thong manh, titc ludn ton
tai dudng di ndi tir dinh nay dén dinh khac

(b) D6 thi c6 husng W(V, E) 1a mot do thi khong tuan hoan. Nghia 1 wéc chung
16n nhét ctia tat cd d6 dai chu trinh ctia dd thi W 1a 1.
biéu kién (b) 1a dugc béo toan trong website thi diéu kién (a) thuong vi
pham. Do d6, ta chi can giai quyét van dé (@) va ta sé gidi quyét & phan
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SECTION 8

Liy thira ma tran

T cong thiic (7.1), ta bién ddi nhu sau: Tk*+1) = glkp = gk=1p2 = ... = g(0)pk+1
Tu d6, ta rit ra duge cong thitc sau:

k) = (0 pk (8.1)

Tit cong thitc (8.1), ta chi cAn tinh duge PK 13 gidi quyét duge bai todn. VAy c6 nhimg
phuong phap nao ding dé liiy thita ma tran? Qua tim hiéu, ta c6 cic cach dé liy thita
ma tran nhu sau:

1. Cach ngay tha: Ta chay mét vong lap va nhan.
2. Cai tién phép lity thia trén bang phuong phéap lity thita nhi phan.

Ta ciing c¢é thé cai tién thuit todn trén bang viéc cai tién phép nhan 2 ma tran bing
phuong phap Strassen ma ta sé dé cap sau.

1. Cai tién thuat toadn nhan 2 ma tran:

1.1. Céch tiép can don gian:

Ta biét duge, dé cé thé nhan 2 ma trdn A va B véi nhau va két quéd 14 ma tran C
(C = AB). Ta gii sit ma tran A va B c¢6 dang

o[28] wa-[5 ]

Khi dé, néu ta thuc hién phép nhan theo dinh nghia phép nhan ma tran thi ma tran C
sé c6 dang

C= ae+bg af +bh
“|ce+dg cf+dh

Tt d6 ta c6 doan ma gid sau: Néu ta goi T(n) 1a thoi gian dé nhan 2 ma tran A véi B
thi ti phan tich trén, ta thiy ta phai thuc hién phép nhan 2 ma trdn n/2 x n/2 8 lan.
Do d¢, ta rut ra dugc cong thiic sau:

T(n) =8T(n/2) + O(n?)

Tt d6, ta rit ra duge T(n) = 8'°9(M + O(n?log(n)) = n'°98 + O(n2log(n)).
Do dé, theo nguyén tic big-0, ta rit ra dugc do phitc tap clia thuit toan trén la
0(n'°98) = O(n3)

1.2. Phuong phap Stranssen:

Theo nhu céch tiép can trén thi thoi gian can dé nhan 2 ma tran vuong 1a O(n3). Liéu
6 ton tai thuat todn nao tét hon dé giai quyét van dé trén khong?

Ta xem xét lai phép nhan 2 ma tran A va B. Néu ta khong don thuan dung dinh nghia
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Algorithm 2 Multiply two matrices

1: procedure POWER(A, B) > Multiply two matrices algorithm
2 Input:

3 A: matrix is a square matrix N X n

4: B: matrix is a square matrix N x n

5: Output: C =AB

6: C « zero-matrix Op

7
8
9

row < n
col—n
: while row > 0 do

10: while col > 0 do

11: while n > 0 do

12: Clrow][col] « C[row][col] + A[row][n] * B[n][col]

13: ne—n-—1

14: col—col—1

15: row «—row—1

16: return C

dé nhan 2 ma tran trén lai v6i nhau ma st dung mot thi thuat nhu sau:

p1=a(f—h) p2=(a+b)h
p3 =(c+d)e pa=d(g—e)
ps = (a+d)(e+h) pe = (b—d)(g+ h)

p7=(a—c)(e+f)
Thi khi d6, ma tran C = A - B sé ¢ dang:

C=[p5+p4—pz+pe p1+ p2 ]
p3+ pa p1+ps—pP3—p7

Tu d6, ta ¢ doan ma gia sau:
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Algorithm 3 Strassen’s algorithm

1:
2
3
4:
5:
6
7
8
9

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:
35:
36:
37:

procedure STRASSENSALG(A, B) > Strassen Algorithm

Input:
A, B: matrix is a square matrix N x n
Output: C =AB
if n ==1 then
return [A[O0] * B[0]]
r—1
while r < n do
rerx?2
a,b,cde,f,g, h« zero-matrix r/2 x r/2
for (i=0;i<r/2;++i) do
for j=0;j<r/2;++j) do
alidljl=ALd] , eldlj]=BLidlj]
if ((+r/2<nandj+r/2<n)then
dlil[j1=Ali+r/21[j+r/2], hL[jI1=BLi+ r/2][j+ r/2]
else if (j+ r/2 < n) then
bLilj1=ALdl+r/2], fLOL1=BLL+r/2]
else if (i(+r/2 <n) then
cldll=ALi+ /2101, glidlj]1=Bli+r/2][j]
else
bLil[j1 = clillj1=d[adlj1=fId0j1=9lillj1=h[{d[j1=0
p1 < StrassensAlg(a,f—h) , p> < StrassensAlg(a+ b, h)
p3 < StrassensAlg(c+d,e) , ps < StrassensAlg(d,g—e)
ps «— StrassensAlg(a+d,e+ h) , pe < StrassensAlg(b—d, g+ h)
p7 <« StrassensAlg(a—c,e+f)
Cl1 < Ps+pPa—p2+pe, C12 <= pP1+ P2
€21 < pP3+Pa, C22 = pP1+P5—pP3—pP7
for (i=0;i<r/2;++i) do
for (j=0;j<r/2;++j) do
CLilj1 = caildl/]
if (i+r/2<nandj+r/2 <n) then
Cli+r/2][j+r/2] = c22[i][J]
else if (j+r/2 < n) then
CLaL+ r/2] = c12[i1]
else if (i+r/2 <n) then
cli+ r/2][j1 = ca1lill/]

return C

Néu ta goi T(n) 1a thoi gian dé nhan 2 ma tran A v6i B thi tir phan tich trén, ta thay
ta chi can thuc hién phép nhan 2 ma tran n/2 x n/2 7 lan. Do d6, ta rit ra dudc cong
thic sau:

T(n)=7T(n/2) + O(n?)

Tt d6, ta rit ra duge T(n) = 7'°9(M + O(n?log(n)) = n'°97 + O(n?log(n)).
Do d6, theo nguyén tic big-O, ta rit ra dudc do phitc tap ciia thuit todn trén 1a
O(nlog7) ~ O(n2'8074)
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2. Cai tién thuit toan liy thira ma tran:

2.1. Céch tiép cén ngay tho:

Day 1a cach d& hiéu va dé thuc hién nhat. Ta chi can khéi tao ma tran A = I, 13 ma
tran don vi. Sau d6, ta lan lugt nhan ma tran A v6i ma tran P k lan thi sé thu dugc két
qué. Ta cé doan ma gia sau:

Algorithm 4 Power matrix (naive)

1. procedure POWER(P, k) > Power matrix algorithm
2 Input:

3 P: matrix is a square matrix N x n

4 k is an exponentiation.

5: Output: P¥

6 A «— identity matrix Ip

7 while kK > 0 do

8
9

A—Ax%*P
k—k—1
10: return A

Tu doan code trén, ta thdy dd phiic tap ciia thuit todn 1a O(k) do ta phai di qua vong
lip. Va néu ta dung cdch nhan ma tran ctia Strassen (1) thi do phiic tap tong thé 13
0(kn'°97) ~ O(kn?-8074) 16 s¢ khong t6i wu thdi gian chay khi k 16n (tir 1 triéu trd
1én). Vay lidgu ta c6 cach niao dé gidm di do phiic tap ciia liiy thita ma tran khéng? Cau
tra 16i 1a ¢é va dé la phuong phap luy thira nhi phan.

2.2. Lay thita nhj phan ma tran

Ta c6 y tudng nhu sau:

1, néfuk=0
k k=1 2 Z 5
Pf=<(P2)*%xP, néuklé
k B .
(P2)?, néu k chan

Tt cong thitc trén, ta c6 huéng tiép can 1a sit dung dé quy dé giai quyét bai toan, ta ¢
ma gia sau:

Algorithm 5 Power matrix (recursion)

1. procedure POWERRECUR(P, k) > recursive exponentiation method
2 Input:

3 P: matrix is a square matrix N x n

4 k is an exponentiation.

5: Output: P¥

6 if Kk ==0 then

7 return 1

8 if k 1é then

9: A « powerRecur(P, (k-1)/2)

10: return Ax Ax P

11: A — powerRecur(P, k/2)
12: return A x A

T day, ta thiy viéc tinh PK s& thong qua viec tinh PL/21. Chinh vi véy, do phiic tap
ctia thuat toan trén 1a O(log(k)).

Nhung nhu vay thi ¢ méi lan dé quy, ta lai phai tén thoi gian 1an b6 nhé goi lai ham.
Véy ¢6 cach nao dé khic phuc duge nhitng han ché d6 khéng, hay néi cach khac 1a c6
cach nao dé ta khir dé quy dugce khong? Cau tra 1oi 1a cé.
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Tt cong thitc ta phan tich & trén, ta c6 thé nhin theo 1 hudng khac: Néu ta phan tich
k thanh téng cdc liy thita ciia 2, tite 1a k = Y. 21 thi viée tinh PK s& quy vé viéc tinh
l_[le. Ma P2' ¢6 thé duge tinh thong qua P27 nén téng hop lai, ta c6 doan ma gia
sau:

Algorithm 6 Power matrix (recursion)

1: procedure POWERBIN(P, k) > Binary exponentiation method
2 Input:

3 P: matrix is a square matrix N x n

4 K is an exponentiation.

5: Output: P¥

6 A «— identity matrix In

7 while kK > 0 do

8 if K1é¢ then A —AxP

9: P—PxP

10: k —[k/2]

11: return A

T trén, ta thay do phiic tap ciia thuit toan trén van 1a O(logk) nhung ta da xit Iy
duge van dé thoi gian va bo nhé khi goi lai ham dé quy nén né van tot.

Hon thé nita, néu ta két hgp v6i phuong phdp nhan ma tran ctia Strassen (1) thi tong
do phiic tap ctia thuat toan trén 13 O(n'°97logk). C6 thé st dung trong thue té véi k
rat 16n (tam s6 cé 18 chit s6 van c6 thé chay trong 1S véi phép liiy thita s tu nhién).
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Xu ly truong hop dac biét

SECTION 9

Mot géc nhin khac vé PageRank

Dé hiéu dugce ngudn géc clia cac trudng hop dic biét ta dang néi dén cé ngudn gbe tir
dau, xdy ra khi nao thi trudc tién ta sé tim hiéu mot géc nhin khac ciia thuit toan Section 9.Mét géc nhin khéc

PageRank. vé PageRank
Section 10. Dangling Node

-1 Section 11. Web Reducible
my 0 --- 0 Li1 L1z --- Lin

0O mpy--- O Ly1 Ly -++ Lop Bang 5. Noi dung cla
[M M - W] =[m M2 -+~ Tn]- S 3 CHUONG IV

0 0 ---mp Lpi Lpz -+ Lpn
Y tudng tho so clia cong thitc trén xuit phat tir day:

« Dit Lj = 1 néu nhu trang web { ¢6 lién két dén trang web j (ki hiéu { — j). Ngugc
lai thi L = 0.

e Khidé m;= ZZ=1 Lik 1a t6ng s6 lién két ma web { tré dén céc trang web khic.
Ta xét mo6 hinh ngudi luét web ngdu nhién. Nhitng ngudi nay di chuyén doc theo céc

canh ctlia do6 thi c6 huéng. Néu tai bude thit kK, ho & trang i. Khi d6, tai budc tht k+ 1
thi x4c suat dé ho di chuyén dén nhitng trang ma trang j lién két dén 1a nhu nhau.

R6 rang, N trang web trén c6 thé dude coi 1a N trang théai ciia xich Markov véi ma
tran chuyén déi P. it nk) = (T[l(k)
bude thit k. Khi dé, bién ¢b ngudi dung tai trang j vao buée thit k + 1 1

) 14 vector bién cb ngudi luét dang & trang { tai

n L .
(k+1) _ L] (k)
T[j = Z F T[l. (91)
i=1 """
Thoat nhin, ta dé dang nhan ra cong thtic (9.1) théa man nhiing diéu kién cin ban ctia

thuat todn PageRank:

e T & bubc k + 1 dong bién véi m; & bude K: titc 1a néu nhu trang web i 1a mot
trang web néi tiéng va c6 lién két dén véi j thi sé ting mitc anh hudng ciia j.

e T & budc k + 1 nghich bién v6i m;: titc 1a néu nhu trang web i ¢6 qué nhiéu lién
két t6i cac trang web khéc thi uy tin ma { déng gép cho j cang it.

Tt cong thitc trén, ta can tim T sao cho m=m-P=m-M~1.L, véi:

mi; 0 -+ 0 Li1 L12 -+- L1n
0 my--0 Loy Lap ++- Lop
M= . . ) val=| . . )
0O O e Mp Ln1 Lp2 <+« Lpn
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Két luan 2

MOT GOC NHIN KHAC VE PAGERANK

Tem=n-Ptasuyram =P’ -’ . Dstp=n',A=P , tadusgcp=A-p

Qua dé6 ta rut ra duge cong thic tinh todn PageRank theo dang ma tran:
(k+1) -1 (k)
] L11 L12 --- L1n mpy 0 --- 0 P,
p(2k+1) Ly1 Loy ++- Lap 0 my-- 0 P(zk)
ptk+) | LLp1Lnz - Lpn] L O 0 ooy p(k)
n n
| [ 2 ~——
plk+1) & pt)

Trong do:
e p : kich thuéc n x 1, luu trit uy tin cua ting trang web.
e L : kich thudc n x n, biéu dién s6 luong lién két gitta céc trang web.

e M : kich thuéc n x n, tuong duong véi L nhung duge sip xép theo thit tu cla
mj.

Dbén day c6 1& ban da nhén ra diéu gi d6 tit cong thitc p = A - p r6i dting khéng? 0 day
chang han néu ta thém phan ‘con thiéu’ nay vao thi ban sé nhan ra ngay:

A-p=A-p

Tu d6 ta thay ngay p chinh 1a vector riéng ctia A véi tri riéng 1, diéu nay phit hgp
v6i muc tiéu cia thudt toan, 1a tim mdt vector p phan anh uy tin ctia tiung trang web
dua trén s6 lugng va chat luong lién két dén tit cdc trang web khéc.

Trong khi d6, A lai 13 ma tran thua vi L 13 ma tran thua, mot trang web chi lién két véi
mot sb {t trang web trén khéng gian mang thoi. (Theo théng ké trén Yahoo! vao thang
8, 2004 thi chi ¢6 khodng 38% trang web 1a khéng phai trang treo).

M3t khéc, ching ta lai biét rang ¢6 mot sb phuong phap tinh hiéu qua danh riéng cho
bai todn tri riéng - vector riéng trén ma tran thua nita nhu phuong phép ldp (Power
Method). Nhu véy liéu da di dé cho thuit toan hoat dong hiéu qua va tranh dudc cic
rlii ro tiém an chua?

Cau tra 15i 1 chua béi c6 it nhat 2 trudng hop ciia cic loai do thi ma viée ldy vector
riéng ctia bai todn nay khong mang lai két qua ching ta mong mudn:

o Do thi khéng lién théng: nhiéu hon mét vector riéng.

o Do thi chita dinh du dua/ niit treo: nhitng dinh khong trd lién két vé bat ki trang
web nao du cé lién két trang web khic tré téi.
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DANGLING NODE 30

THANH PHAN KHONG LIEN THONG NHUNG DiNH DU DUA

SECTION 10

Dangling Node

Dau tién hay dén vé6i trusng hop do thi chita dinh du dua, hay con goi 1a nit treo. Day
14 nhitng dinh khong tro lién két vé bat ki trang web nao dit ¢6 lién két trang web khac
trd t6i. Diéu nay gy ra 16i Dangling Nodes.

Mbt dinh dudc goi 14 dinh treo néu dinh dé khong cé lién két truc tiép véi bat ki dinh
nao khac.

Tt dinh nghia trén, ta riat ra duge néu tran i duge goi 1a dinh treo thi tong lién két ra
ctia trang { s& bang 0 hay m; = 0. Chinh vi viy, hang thit { ctia ma tran P sé toan s
0. Nhung theo dinh nghia ma tran bién c¢6 hang thi mdi hang trong P c¢é céc phan tit
khong Am va téng bang 1. Do d6, ta can phai xit 1y truong hop nay dé cé thé &p dung
dugce xich Markov. Ta xét vi du mét dd thi trong moét trudng hoc nhu sau:

/_ Trudng(2) —»

Sinh Vién(6)

Giang vién(1)

[H@i sinh vién(4)]
/

[Nhan vién(g)] [Thu’ vien(5)]

Tu trén, ta thay nit Hoi sinh vién khong cé bat ki lién két ra nao nén niat d6
chinh 1& nit treo (dangling node)
Tt trén khi ta chuyén qua ma tran ké. Ta thu dudc:

010000 01000 07
101001 $0z001%
100000 . 100000
L=1o000000| ™ P=|000000
000101 000303
000110 000%%0

Tt d6, ta thidy dugc ma tran chuyén P c¢6 1 hang toan 0. Chinh vi vy né khong thoa
méan 14 ma tran bién c6 dong nén ta khong st dung xich Markov vao dugc.
Dé xit I van dé trén, Bianchini va Singh da dé xuat viéc thém 1 dinh 4o vo, tit ca cac
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dinh du dua trén sé lién két véi dinh du dua dé va chinh ban than dinh dé sé tu lién
két véi dinh d6, tit d6, ta thu duge dd thi méi nhu sau:

@—» Sinh Vién(6)

.

[H(f)i sinh vién(4)} -

Giang vién(1)

w

[thlwaﬁ3ﬂ [ihuv@nwﬂ

Tt d6 ta thu duge ma tran ké L’ vA ma tran chuyén P’ nhu sau:

[0100000] [0100000]
1010010 foio0o0io
1000000 1000000
L’={0000001| w P=|{0000001
0001010 0003030
0001100 ooo%%oo
0000001 000000 1]

Vi céc hang ctia ma tran P c¢é céc phan tit khong A&m va téng tat ca cdc phan tit ciia
hang bang 1 nén ma tran P chinh 1a ma tran bién cb hang. Tt d6 ta cé thé st dung
xich Markov vao.

Ta c¢6 doan ma gia sau:

Algorithm 7 Handle Dangling Nodes (Bianchini and Singh)

1: procedure BIANCHINISINGH(P, k) > Handle Dangling Nodes (Bianchini and
Singh)

2: Input:

3: P: matrix is a square matrix N x n

4: Output: P sau khi da xit Iy dangling nodes

5: P/ «— matrix(n+1,n+ 1)

6: for (i=0;i<n;++i) do

7 mi<0

8: for j=0;j<n;++j) do

o: P’ < PLAL]

10: m; — m;+ P[i{]l[k]

11: if (m;==0) then P'[{][n] < 1

122 P[n][n] <1

13: return P’

Ta dé dang chtimg minh dugc ma tran P’/ chinh 13 ma tran bién c6 hang. That, vay, véi
thuét todn trén, ta da thém 1 hang (0,0, --+, 0, 1) vao cudi va thém médt cot tht n+ 1
(néu hang { biéu dién nit treo { thi phan tit thit { s& bang 1 va ngugc lai) vao ma tran P.
Nhung céch trén c6 nhuge diém 13 ta phai tén thém bo nhé dé luu niat 4o va cac canh
n6i dén nit 4o nén cich trén toé ra kém hiéu qua khi gip n 16n.

Mot phuong phép khic dugc dé ra bdi Langville va Meyer, vé méit v tudng thi ta thém
céc canh 40 ciia nit treo dén cdc dinh khic va ca chinh ban than ntt treo. Néu dién
gidi theo ngdn ngit todn hoc thi ta xét vector d = (d;) véi

0 nébum;=0

di=6(m;, 0)=
{ (m;, 0) {1 truong hgp con lai

-

~
’

A

1
1
.
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va vector V = ep = (%, %, cee, %) Khi d6, néu ta dit P/ = P+ d".v thi tit ca céc

N o1
hang ma c¢é cdc phan tt bang 0 sé duge thay bang —. Khi dd, ta ¢6 hudng xtt ly khac
n

cho vi du bén trén nhu sau:

G

<N
=
03
S
o>
=
A
1
:
1
1
1
1

Tt trén, ta thu dude ma tran ké L’ v6i ma tran chuyén P’ nhu sau:

010000 rO1 000 07

1 1 1

101001 %88888
100000

L= va PP=f111111

111111 = ° T |z %% % =

000101 555101

000110 _0007%0_

Ta s& chttng minh ma trdn P’ chinh 13 ma tran bién c6 hang. That vy, v6i cdc hang
khong phai 1a dinh treo thi hién nhién cdc phan ti trong hang khéng 4m va téng cac
phan tit d6 bang 1. Véi cdc hang 1a dinh treo thi khi ta bién ddi P nhu trén thanh P’
thi cic hang d6 56 thanh v = (3, &, -+, +). Khi d6, do cic phan tit trong V 1a khong
Am va toéng cac phan tit bang 1 nén ma tran P’ chinh 13 ma trén bién ¢ hang.

Ta c6 doan ma gia sau:

Algorithm 8 Handle Dangling Nodes (Dangville and Meyer)

1. procedure BIANCHINISINGH(P, k) > Handle Dangling Nodes (Dangville and
Meyer)

2 Input:

3 P: matrix is a square matrix N x n

4 Output: P sau khi da xit Iy dangling nodes

5: for (i=0;i<n;++i) do

6: mi<0

7 for j=0;j<n;++j) do

8 m; < m;+ P[{][/]

9: if (m;==0) then

10: for j=0;j<n;++j) do

11: PLI[j] %

12: return P
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WEB REDUCIBLE

SECTION 11

Web Reducible

T dinh 1y 1 (& phan trén) thi mét ma tran xdc suat chuyén P 13 egordic néu va chi
néu ma tran P 1a quasi-positivity. Nhung rat khé dé ta c6 thé kiém tra ma tran P trong
trudng hop n 16n. Do d6, ta can dinh nghia lai khai niém egordic ciia mdt ma tran
chuyén nhu sau:

Véi 2 trang thai i, j € E bat ky, ta goi trang thai j dugc truy cap tit trang thai i néu
pfj”) >0 v6i n = 0 (6 déy ta dinh nghia PO =1I,).

Phét biéu trén c¢6 thé duge dién dat lai nhu sau:

bit rj =min{n =0, X, =/} 1a s6 budc nhé nhét dé xich Markov dat dén trang thai
Jj. Ta dinh nghia rj = 00 néu X, #j, Vvn > 0.

Ta c6 dinh ly sau:

Cho i € E thoa P(Xg = i) > 0. Trang théi j € E c¢6 thé dugc truy cap (accessible) tir
trang thai { néu va chi néu P(rj < 0|Xo =) > 0
Diéu kién trén 13 can thiét do:

{Xn=j}c{rj<n}c{r<oo} vidods 0<p{’ <P(rj<oolXo=1i)

Véi n > 0 néu j cé thé duge truy cap (accessible) tit i
Nguge lai, néu i # v p{” = 0 v6i moi n > 0 thi

P(ro < o0lXo = 1) = lim P(rj < nlXo = )

Jim, P(UfZ5 Xk =} 1Xo = )

IA

n—1 n—1
. . ) . B
Jim, 35 POt =0 =0 = fi, 3, pj” =0

Vay ta suy ra diéu phai chttng minh O

Tir d6, ta rit ra duge cdc tinh chét ciia accessibility la tinh bic ciu: Néu { — j va
j =k thi i = k (Ta c6 thé dua vio bit ding thie pi "+ = > (pi”) py Vi, j e E
(sé chitng m}nh sau) dé suy ra). Nhung néu { — j va j — ( thiktea[Enéi { v j c6 thé truy
cap tur 2 chieu. Ky hi¢u 14 { «—
Tinh 2 chiéu ciia trang thai cé cdc quan hé tuong duong sau:

¢ Tinh phan xa: [ <

o Tinh dbi xtrng: Néu { «—j thij i

o Tinh bic cAu: Néu i «—j va j <> Kk thi { «= Kk
Tt do, ta c¢6 cac nhan xét sau:

1. Khong gian trang thai E c6 thé duge phan hoach thanh cac 16p tuong duong khéc
nhau theo quan hé «—
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WEB REDUCIBLE

2. Xich Markov {X;} v6i ma tran chuyén P = (pjj) duge goi 1a irreducible néu khong

gian trang thai E 1a mot 16p tuong duong duy nhat. Tiic khong gian E khong thé
phéan hoach thanh 2 16p tuong duong khac nhau.

Tt dinh nghia (18), ta rit ra duge dj, dj tring nhau néu va chi néu i, j thudc cing mot
phan loai trang thai. Vi muc dich dé, ta ki hiéu { — j[n] néu pfjn) >0

Ta ¢6 dinh 1y sau:

Néu 2 trang thdi i, j € E thudc cing mot phan loai trang théi thi d; = dj

T khai trién P(M+n) = pMpm) ¢4 1t ra duge pl(jm+n) = Z (pg(n))pl((?) Vi,jeE

keE
N , m+n m n m) _(n) : ;
Tu do, ta rut ra pl(l- ) = Z (pl(j ))p}[- ) = p[(j )p]([- ) Vi,jel
jek

Do d6, néu j — j{n], i = j[k] va j = i[m] v6i m, n, k > 1 thi theo bat déng thiic

trén, ta thu duge i = i{M+k] va i — i{m+n+k]. Khi dé, diim+k va diim+n+k.

Tt d6 suy ra di|n. T dé d; 1a u6c chung clia moi N thoa pj(-jn) > 0 hay d; < d|.

Chiing minh tuong tu, ta thu duge dj < d;. Tir d6 ta suy ra diéu phéi chitng minh. [

T trén, ta c6 hé qua sau:

Néu mét xich Markov {Xn} dudc goi 1a irreducible thi tat c cic trang thai ctia {Xn}
thudc cung mot 16p trang thai.

Tt d6 ta cé cdch dién gidi khic nhu sau: Chudi Markov 13 egordic tuong duong véi viée
chudi Markov 13 irreducible va aperiodic. Dé chimg minh diéu nay, ta can bé dé sau:

Cho k 13 mét s6 tu nhién bat ky. Khi dé luén ton tai sé tw nhién ng = 1 sao cho

{no,no+1,no+2,---} c {nik+na(k+1);n1,n2 >0}

Vi ng = k2 thi luén tdn taim,k € N, d < k sao cho n—k2 = mk + d. Khi d6
n=(k—d+ m)k+d(k+ 1) thi hién hién n € {n1k+na(k+1);n1,n2>0}. Do
dé, ta chi can chon ng = k2 1a suy ra didu phai chimg minh O

Ma tran chuyén P la quasi-positive néu va chi neu P 1 irreducible va aperiodic

Néu ma tran chuyén P 1a quasi-positive thi ta dé dang suy ra ma tran P 1a irreducible
va aperiodic do dua theo dinh nghia. Do d6 ta chi can chitng minh chiéu ngudc lai 1a
diing, ttc néu ma tran chuyén P la irreducible va aperiodic thi ma tran P 1a quasi-
positive.
Véi ma tran chuyén P la irreducible va aperiodic. Véi mdi i € E ta xét J(i) = {n >

. n(M . oas o < L
1: pi}- > 0}, khi d6 gcdJ(i) =1 (do P la aperiodic).
Tt bat dang thitc ma ta da chiing minh bén trén:

(m+n) (m) ()

Pi 2Py Py
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Trong vi du sau déy,

P =

P>

la hai

P3 =

(P71 O

| 0 P;

[1/2 1/2
(1/2 1/2]'

[1/2 1/2
1/4 3/4]

ma tran irreducible,

] 1a reducible
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Ta rat ra m+n € J()) néum,n€J(i) (*)

Ta sé chimg minh J({) chtia 2 s6 nguyén lién tiép. That vy, néu khong thi khoing
céch gifta cadch phan ti trong J({) nhd nhat sé 14 k > 2. Khi d6 sé ton tai vai sé dang
mk+deJ()vsimeN,d=1,2,---,k—1 vi néu khong thi trong J(i) chi toan sb
c6 dang N = mk. DPiéu nay méu thuin thi gcdJ(i) =1

Xét 2 56 N1, N1 + nok € J(i). Khi d6, dua vao tinh chat (*) ta rat ra duge a(ny +
nok) €J() van+ bny €J({) v6in=mk+d € J(i);a, beN.

Ta sé chitng minh ton tai 2 s6 tu nhién @, b sao cho khoang cach giita a(ni+ k) € J(i)
va n+ bny €J(i) nho6 hon k.

That vay, ta chon @ = b = (m + 1) va xét hiéu:

a(ni+k)—(n+bny))=(m+1)(n1+k)—(mk+d+(m+1)n1)=k—d <k
T d6 dan dén vo ly.
Chinh vi vay trong J(i) ton tai 2 s6 nguyén lién tiép.
Khi d6, 4p dung bé dé trén, ta thu duge ludn ton tai n(j) = 1 sao cho
{nG). n()+1,---} cJ(

Tt khai trién p(_m+n) = Z (pl(-lT))p(n) Vi, j € [, ta it ra p(_m+n) = pf’k’pkf va tu

ij kj i
( ) ke(E) (n) ,(m)
. r+n+m ry, (n), (m
do ta suy ra pPj 2 P Prk Pyj

Tt céc két qua trén, két hgp vdi ma tran P 14 irreducible ta rit ra duge
Vi moi trang thai i, j € E thi luon ton tai n(if) = 1 sao cho

J)=1{n=0:p" >0} {n@@), n(i) +1,...}

Tu d6, ta suy ra dudge ma tran P 1 quasi-positive O

Tt day, ta rat ra duge mot ma tran chuyén P c6 trang thai dimg thi ma tran P
phéi 1a quasi-positive. Vay c6 thuit todn nao dé ta c6 thé xit Iy diéu trén? Dé ma tran
chuyén P 1a quasi-positive thi ta c6 mét cach xit Iy nhu sau:

P’"=aP' +(1—a)E, E= V;-.[l, 1,---,1] v6i Ve la vector bién ¢ hang (11.1)

T trén, ta rit ra duge cdc hang ciia ma tran E tring véi vector bién c¢b hang Ve. Ta
s& chimg minh ma tran P’/ & (11.1) 13 ma tran bién ¢ hang.

Vé6i moi j € E, ta cé:

77 __ / _ .
vﬁ = GZ vﬁ + (1 G)Zve,

i€k i€k i€k
=a+(1l—a)=1
Tu dé ta suy ra diéu phai chiing minh O

Véi cach dit trén, ta d& dang rat ra dude ma tran P’/ chinh la quasi-positive dia theo
dinh nghia. Do dé6 4p dung dinh 1y (1) va (9), ta rit ra dude ma tran P’/ chinh 1a mot
xich Markov do d6 né c6 diém diing.

Xét (11.1), hé sé o chinh 13 hé s6 Dampling. N6 c6 ¥ nghia la xéc suit dé ngusi dung &
trang { sé luét tiép dén mot trang nao d6. Do dé, véi trang khong treo thi ngudi ludt web
sé theo mot trong céc trang ma trang i lién két véi xdc suat o va nhay dén mot trang
J € G voi xdc suat (1—a)Vej. Chinh vi viy Ve dugc biét dén nhu la vector teleportation.

Trong thuc té, ngudi ta thudng ding Ve = (%, %, e, l) va a €[0.85,0.9].
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T trén, ta c6 doan ma gid sau:

Algorithm 9 Handle Quasi-Positive

1. procedure QUASIPOSITIVE(P, k)

2 Input:

3 P: matrix is a square matrix N x n

4 a: Dampling Factor

5: Output: P sau khi da xit 1y quasi-positive

6 P’ «— square matrix n x n

7 for (i=0;i<n;++i) do

8 for j=0;j<n;++j) do

9 P'LAL] < ax PLALT+(1—a)x 1/n

10: return P’

> Handle Quasi-Positive
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Ma trdn Google

SECTION 12

Anh hudéng cia Damping factor

Nhu da néi & trén, yéu t6 ’damping’ biéu thi ty 1é thoi gian ma ngusi luét web ngau
nhién di theo céc lién két trang thay vi nhay t6i cic trang khac mot cach ngau nhién.
Do d6, yéu t6 nay déng mot vai trd quan trong trong viéc tinh todn PageRank bang
phuong phdp 14p (Power Method) da duge nhac lai & dudi, va tinh bdi cong thic
(14.1) s& duge nhéc t6i & phan 14:
l—-a
E
n

n=n-(a-M_1-L+

Algorithm 10 Power matrix (recursion)

1: procedure POWERBIN(P, k) > Binary exponentiation method
2 Input:

3 P: matrix is a square matrix N x n

4; k is an exponentiation.

5: Output: P¥

6 A « identity matrix In

7 while kK > 0 do

8 if K16 then A—AxP

9: P—PxP

10: k —[k/2]

11: return A

Nhiéu nha nghién cttu da khing dinh ring gid tri ctia yéu t6 *damping’ dnh hudng dén
tbc d6 hoi tu ciia phuong phép lip. Pé lam 16 van dé nay, xin dude gisi thiéu mot
thi nghiém ctia nhém tac gia Atul Kumar Srivastava dé quan sat tic dong cla yéu to
'damping’ d6i v6i toc d6 hoi tu ctia thuit toin PageRank, cling nhu su sip xép ciia céc
trang web dugc hién thi trén cong cu tim kiém web trén céc tap dit liéu khac nhau!

Tap di liéu S6 trang web Sé trang treo

YouTube dataset (D1) 1157827 783042 (0.67%)
Road network dataset (D2) 1971281 6075 (0.30%)
Wikitalk dataset (D3) 2394385 2246783 (93%)

Bang 7. Cac tap di liéu va cic thudc tinh tuong ting

Théng tin cic bd dit liéu ta sé nghién cttu ndm & bang 7 & trén. Nhém nghién ctru da

4p dung phuong phap lip trén mdi tap dit litu cho dén khi hoi tu va quan sit téc do
hoi tu véi cac gid tri yéu t6 'damping’ khac nhau. Hinh 2 duéi day cho thay s lan lap

37

Bang 6.
CHUONG V

CHUONG

v

Section 12. Anh huéng cua
Damping factor

Section 13. Phuong én cua
Google

Section 14. Thuat todn

Noi

dung ctia


https://www.mecs-press.org/ijisa/ijisa-v9-n9/IJISA-V9-N9-3.pdf

ANH HUONG CUA DAMPING FACTOR

can thiét dé phuong phap PageRank hoi tu & céc gia tri hé s6 damping khac nhau. Biéu
d6 thé hién rang khi gia tri hé s6 damping ting, s6 lan lip can thiét cho phuong phap
PageRank héi tu ciing ting v6i gid tri ngudng chap nhan.

T céc biéu dod & hinh 14, ching ta c6 thé thiy rang cé su thay ddi nhé trong sb lan lip
khi gid tri yéu t6 ’damping’ 13 0 < a < 0.65, nhung do thi lai ting nhanh khi gid tri
yéu t6 ’damping’ 1& o > 0.65 va huéng dén 1.

Céc nghién citu truée day da quan sat rang gid tri cia yéu t6 ’damping’ khong chi
kiém soat su hoi tu ciia thuat toin PageRank méa con anh huéng dén thit tu cia cac
trang web dugc tra vé béi né. Nhu ching ta c6 thé thay trong hinh 14 , a = 0.7 chi can
12 1an lap dé hoi tu khi 4p dung cho 1, 157, 827 ntit ciia do thi. Tuy nhién, v6i sb luong
16n dit liéu, Ita chon a = 0.85 van can qué nhiéu thoi gian dé hoi tu. Trude day, Brin va
Page da chon gi4 tri ctia yéu t6 'damping’ 1& o = 0.85 vi gi4 tri 16n clia hé sb nay tang
cudng anh huéng clia cau tric lién két thuc su ciia web trong khi cdc gid tri nhé hon
cia hé s6 nay tang Anh hudng clia vectd xac sudt nhan tao nhiéu hon 13 xac suat thuc té.

Tuy nhién, ngudi luét web ngau nhién hién nay khéng tuan theo ciu tric thudng thiy
ma c6 xu huéng chuyén t6i cac trang web khéic do lugng dit liéu khéng lién quan trén
web ho dang & 1a rat 16n. Vi viy, gid tri clia yéu t6 ’damping’ o € (0.7, 0.8) phan
anh t6t hon hanh vi clia ngudi luét web, va cling can it lan lip hon dé phuong phéap
hoi tu. Gia tri yéu t6 ’damping’ a — 0.7 sé ting trong sd clia vector diéu huéng nhan
tao, diéu nay hitu ich trong PageRank c4 nhan héa, cong cu tim kiém dua trén mién
va nhiéu tng dung khac noi ma vector diéu huéng nhan tao déng mot vai trd quan trong.

Hinh 14 hién thi s6 1an ldp can thiét dé thuit toin PageRank hoi tu trén cic tap
dit liéu khdc nhau v6i gid tri ngudng chip nhan 13 € = 1077, S6 1an lip cAn thiét dé
thuat toan PageRank héi tu khong hoan toan phu thudc vao kich thudéce tap dit lieu, néd
ciing phu thudc vao mdt sd thudc tinh ctia tip dit liéu nhu s6 lugng nit treo va su két
ndi ciia cdc nit (lién quan dén tinh lién théng ciia dd thi). Nhu ching ta c6 thé thay ti
Hinh 15 v& Bang 7 cho tap dit liéu D3, thuit toan PageRank chi can it lan lip hon dé
hoi tu so v6i D1.

Convergence of all dataset
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ANH HUONG CUA DAMPING FACTOR

Trong thi nghiém nay, nhém nghién citu chi lay ra 25 trang web hang dau dudc tra veé
bdi thudt toan PageRank vi SERP (trang két qua ciia cong cu tim kiém) chita gan 20
dén 30 trang web trong trang két qui dau tién ma c6 lién quan hon déi véi ngusi lust
web, va trung binh 90% ngudi dung khong di xa hon trang két qua dau tién cho bat
ky truy vaAn cu thé ndo. Néu bat ky trang web nao dugce liét ké vao 1 trong 25 vi tri
hang dau cho o = 0.85 nhung khéng thé c¢6 duge mot vi trf cho top25 clia bang cho
o = 0.7 thi nhém nghién citu da ldy mot tham sb dé chi ra xem trang web c6 duge dé
cap trong 25 vi tri hang dau hay khéng. Tham s6 dugc dinh nghia nhu sau:

0 néu trang web khéng thudc top25
1<A<25 néu ngudc lai

Vi dy, trong hinh (3Qa), trang web 1454 dat vi tri tht 21 cho a = 0.85 nhung khéng
thé dat vi tri hang dau cho a = 0.7, vi vay gan gi4 tri cho n6 la A = 0. Trong Hinh 3,
duong thang chi ra thit tu cia cdc trang web cho hé s6 damping . Trong Hinh 3(a, b, ¢),
chiing ta c6 thé thay rang cc trang web cho o = 0.7 ¢6 thit tu gan nhu nhau.

Dataset 1

51120 6636 6636 1108 6647|1095 1554 6827 1024

30 59 0 567 | 05 | 82 | 860 | 88 898 | 51 | 35 | 067

1 5 3 8 6 10 9 18 7

1 2 4 3 5 7 6 B 0 12 9 13 | 14 | 18 | 17 | 20 | 16| 19 15 11 35 0 2 | 1 0
1 2 3 4 5 7 [ B 10 9 12 |13 | 14 | 1B |17 |16 |11 | 20 |15 |19 | 22 | 25 21 0 23
1 2 3 1 5 E 7 B 9 0 11 |12 (13 14 |15 |16 | 17 | 18 19 200 21 22 23 12 5

TOP 25 WEB PAGES

Dataset 2
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=]

n

e /
.
ey

A

ORDERING OF WER PRGES

24195211 1362 1014 1960 7488|1682 2412 264 98 7496
26 6B | 200|744 063 | 83 |326 99 000 7 | 195
a 9 10 6 15 7 3 12 17 24 0 0 16 19 S 1
o= 9 10 6 15 11 | 12 |17 24 | 22 0 7 0 3 0 o 5 0 0 16 0
a 3 & 5 9 10 7 15 11 12 17 24 22 20 0 25 16 9 ) 8 1 21
a=0. 1 2 3 4 5 & 7 B g 10 11|12z 13 14 |15 16 17 18 19 | 20 | 21 22 23 24 25

TOP 25 WEB PAGES

Hinh 16. (P1) Hinh thé hién sy so sanh tuong ddi vé sb thit tu ctia 25 trang web hang dau
cho céc gié tri yéu t6 ’"damping’ khic nhau trén céc tap dit liéu D1, D2, D3 tuong tng.

Trong hinh (3a), chi c¢6 mo6t trang web khong thé c¢6 tén trong 25 vi trf hang dau, dé
14 trang 1964. Trong hinh (3b), c6 3 trang web khong c¢é tén trong 25 vi tri hang
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ANH HUONG CUA DAMPING FACTOR

Dataset 3

ORDERING OF WER PAGES

343823 338 | 3 074972 6908|2371 155 |1BB2 736
1=5 1 3 5 4 7 6 8 11 8 13 | 12 14 20 15 10 19 21 | 23 0 0
a={ 2 1 4 5 6 9 B 11 /113 |12 14 |18 15 | 10 20 19 21 | 23 16 17 0 0 22

2 3 B 5 6 7 9 B 11 |13 |12 14 |10 15 | 18 20 | 19 16 21 17 23 | 22 0 28
=085 1 P 3 4 5 [ 7 g g 10| 11 |12 13 14 15 |16 17 |18 19 (20 21 22 23 24

TOP 25 WEB PAGES

Hinh 17. (P2) Hinh thé hién su so sénh tuong ddi vé s6 thit tu cia 25 trang web hang dau
cho céc gié tri yéu t6 ’"damping’ khéc nhau trén céc tap dit liu D1, D2, D3 tuong tng.

dau la trang 1259079, 737950, 749665. Va trong hinh (3¢), chi c6 mét trang web
khong thé lot vao trong 25 vi tri hang dau 13 trang 1118838 cho yéu t6 ’damping’
d6i véi cac tap dit lieu D1, D2, D3 tuong tng.

Néi tém lai, c6 nhitng 1y do sau khién Google da lua chon gid tri cho yéu té *damping’

la o= 0.85:

1. Kiém soat su hdi tu: yéu t6 ’damping’ dnh huéng dén toc d6 hoi tu ctia thuit
todn PageRank qua phuong phép lap. Gia tri 0.85 duge Brin va Page chon cé
thé 1& mot diém can bang hop 1y gitta viéc ddm bao su hoi tu clia thuét todn va
gidm thiéu thoi gian tinh todn.

2. Mang tinh mé phdng thuc té ctia hanh vi ngudi luét web tdt hon: Ngay nay,
ngudi ding web it c6 xu huéng tuan theo cAu tric lién két ma céc trang web
dat ra va thuong nhay t6i trang khac nhiéu hon. Do d6, yéu t6 ’damping’ a < 1
(nhu 0.85) c6 thé phan anh chinh xdc hon hanh vi nay.

3. Cheénh léch véi cac gid tri o khéc 1a thap: Qua thi nghiém dude mé ta & hinh 16
va 17, du cé su thay ddi vé thit tu, két qua tra vé clia cic trang web gan nhu
giéng nhau du c6 su thay déi vé gia tri clia yéu t6 'damping’.

Nhiing diéu ké trén cho thiy viéc sit dung yéu td ’damping’ a = 0.85 so vdi cac gia
tri khac c6 thé cung cip két qua gan ding nhung trong thdi gian tinh toin ngin hon,
va v6i tinh m6 phéng hanh vi ngudi luét web thuc té t6t hon.
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Dinh nghia 26

PHuoNG AN cUA GOOGLE

SECTION 13

Phuong an cua Google

Chting ta da dudc gidi thiéu cic phuong phap gidi quyét tinh trang Dangling Node,
Web Reducible ciing nhut cich giai quyét do thi W lién théng manh. Mit khac 14 biét
duge thém thong tin: gidi quyét Dangling Node 13 bude tién xit Iy quan trong cho viéc
tinh todn PageRank. Liéu ddy cé phai la nhitng gi nim trong tinh toan ctia Google?

Trén thuc té thi ding 13 vy, nhiing ngudi ‘cha dé’ ciia PageRank tit khi xiy dung
thudt todn da tinh todn dudc cé kha ning xady ra truong hop dem lai két qua khong
mong mubn khi tinh toan, sé dan dén nhimg ric rdi ma sau nay ching ta goi 1 Dangling
Node hay Web Reducible. Sau day xin dugc gi6i thiéu phuong 4n gidi quyét ciia Larry
Page va Sergey Brin.

Ta sé stt dung yéu t6 ‘damping’ 1am yéu t6 then chét, chdng han & day ta ldy d = 0.85.

Y tuéng chinh 14 sau mdi lan cidp nhat PageRank, tat ca céc nit giit lai 85% ctia

PageRank da cap nhét ctia ho, va tong cong 15% PageRank con lai dugc chia déu cho
0.15

tat cd cdc nut. Didu nay c6 nghia 1a moi nit nhan dugc mot gia tri chia sé 1a , VO

n 1a sb lugng nit. Gia tri nay duge cong thém vao 85% PageRank ma moi nit da git
lai. Phuong phép nay gitip ngin chin cac nit hoi tu t6i gid tri 0 hodc 1 - didu ma ta
khong mong mudn!

Page va Brin da xay dung mdt ‘ma tran Google’ dua trén y tudng vita roi, cu thé
la:

Ma tran Google dugce cho bdi cong thire
T=a-P+(1—a)-E (13.1)
trong do:
e T: Ma tran Google hay ma tran chuyén déi da diéu chinh
o a: Yéu t6 ‘damping’

e P: Ma tran chuyén déi ban dau

o E: Ma trén cic phan tit hang déu bing —, v6i n 13 téng s trang web trong
n

mang ludi

Google tin raing ma tran méi nay c¢6 xu huéng mé phéng tét hon ngusi luét web thuc
té. Trong doi thie, mot ngudi ludt web sé c6 xdc suat 1 — o 1a nhay dén mot trang ngau
nhién trén Web, titc 13 bing cich g URL vao dong lénh ctia trinh duyét, va xdc sudt o
1a nhap vao lién két tiép theo trén trang hién tai.

Va viéc stt dung ma tran E v6i cdc phan tit tit hang bang — gitp ddm bdo rang moi

S|

trang web déu cé co hoi nhan PageRank tit ngudi dung ngau nhién, gitip thuit todn
PageRank phan ph6i PageRank mot cach dong déu hon trong mang lusi web.

bén day ban c6 1& da nhén ra viéc thém vao thanh phan (1 — a) - E sé ddm béo
cho khong c¢6 hang nao ctia T - ma tran chuyén déi sau ciing, bang 0.
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Van dé 13 Google da khéng chi ding lai 6 day! Ho mubn phén phéi PageRank mét
cich dong déu hon trong mang ludi, dong thai cai thién chat lugng va én dinh ciia két
qua PageRank. Néu ban chua quén, Langville da gidi thiéu phuong 4n thém canh 4o
vao do thi. Trén thuc té thi Langville da phan 4nh ding mot budc quan trong trong
khau xit Iy ctiia Google!

Tré lai v6i vi du & phan (10), khi xtt Iy trudng hop Dangling Node, ta da c6 phuong 4n
thém canh 4o theo Langville nhu sau day:

Ung véi d6 thi ta c¢6 ma tran chuyén déi ¢ hinh 18. Mot ma tran chuyén déi P khong
con dong nao bang 0 nhu vAy chinh 1a mét ma tran dau vao sé duge Google sit dung dé
tinh toan!

Sau day ta sé ly gidi tai sao lai chon P 1a mét ma trdn khong con phan ti 0. Hay
cung quan sat lai dinh 1y sau day:

Néu ma tran xéc suat P 13 ma tran duong, titc 14 cdc phan ti ctia P déu duong, thi P
c6 duy nhat mot phan phdi dimg (duy nhat mot vector riéng tuong tmg tri rieng 1).
Tét ca tri riéng con lai déu c6 gid tri tuyét doi nhé hon 1.

Ban c6 thiy quen khéng? Ta rat nhanh c6 thé nhan ra day 13 mot phién ban khéc clia
dinh 1y 5, chi khac 1a dinh 1y nay 4p dung cho ma tran xac sudt P va chi ra rang tri
riéng 16n nhat duy nhat ciia P bang 1. Pong thoi tat ca tri riéng con lai déu cé gid tri

tuyét déi nhé hon 1.

Ta da cé chiing minh chi tiét cho dinh 1y 5 & trén, va dé hoan thién 15i gidi cho dinh
ly 10, ta sé cting dén véi cac b dé sau:

Tri riéng 16n nhat cliia mdt ma tran xac suat 1a 1.

B dé nay ding v6i cd ma tran xéc suat hang hay cot. Ta sé chimg minh v6i ma tran
xéc sudt hang, trudng hop con lai chitng minh tuong tu.

Dau tién, néu A la moét ma tran xdc suat hang, thi

n .
1 ai1 Qiz ... Qin 1 Z:1,'7=1 aij 1
1 a1 dzz ... A2n 1 ijl ay;j 1
A-l. | = . . . .= ] =
1 am1 Am2 ... @ 1 N 1
ml Om2 mn Zj:l Qmj

vi téng céc phan tit méi hang ctia A bing 1. Diéu nay chimg minh rang 1 13 mot tri
riéng cua A.

Mat khac, giad sit ton tai A > 1 va vector X khic O sao cho AX = AX. Goi
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X; 1A phan t& 16n nhat cia X. Vi bat ky bdi vo huéng (scalar multiple) ciia
X ciing sé thoéa méan phuong trinh nay, khéng mét tinh tdng quat, ta gid sit
X; > 0. Vi cic hang ctia A khong 4m va tong bang 1, mdéi phan tit trong AX
13 mot t6 hgp 16i (convex combination) ciia cdc phan tit ciia X. Do d6, khong
c6 phan tit nao trong AX c6 thé 16n hon X;. Vi A > 1, ta lai c6 AX; > X; (mau thuan)

Vay gid thiét ton tai A > 1 1a sai. Do d6, tri riéng 16n nhat cta A 13 1. Ta
c6 diéu phai chimg minh!
O

Gia sit A 1a mot ma tran duong véi tri riéng 16n nhat Amgx = 1. Khi dé tat ca cac
tri riéng khac ctia A déu théa man A < 1.

Gid st z 1a vecto riéng cia A véi gid tri rieng A voi |A] = 1. Khi d6
lz| = [xz| = |Az| < |Allz] = Alz] = |z| £ Alz|. Bat y = Alz| — |z|, ta ¢
y=0.

Gia stt y # 0 thi Ay > 0 va A|z| > 0 nén ton tai € > 0 sao cho Ay > € -Az va do
dé A(A|z|—z) > €Az hay B(A|z|) > A|z|, v6i B = A

l+e€
Suy ra BK.A|z| > A|z| v6i moi k. Nhung céc tri riéeng cia B déu c6 gid tri
tuyét déi nhé hon 1, vi vay BK — 0 vé6i k di 16n. Do d6, tht cd phan tit clia A|z|
déu < 0. biéu nay mau thuan véi A|z| > 0. Vay Z 1a vecto riéng ciia A véi tri riéng 1.

Ma ta lai c¢6 |Az| = |z| hay |Az| = A|z| chi xdy ra néu tit cid cic phan ti
clia Z ciing dau. Vi vy Z phai 1a mot boi ciia vector rieng X bdi khong c6 vector
riéng nao khéc c6 tat ci cdc phan tit cting diu ngoai trit boi ciia X. Vi viy A = 1, ta
c6 diéu phai chimg minh! O

N6i tém lai, tit viée chitng minh 2 b6 dé trén, cling véi chitng minh san c¢6 & phan trude
ctia dinh lys 5, ta da hoan tat chtmg minh dinh lys 10.

Ta sé ap dung dinh 1y 10 vita duge chimg minh cho ma tran chuyén déi P 1a mot
ma tran xéc suat. Khi dé ta suy ra P chi ¢ luu ¥ 2, ta nhén thay P chi cé6 duy nhat
mot phan phdi ditng, dong nghia v6i c6 duy nhat mot vector riéng tuong tng tri rieng 1.

Viéc P 13 ma tran duong anh hudng dén sb vector riéng c6 thé cé tng véi tri riéng
1, tit d6 quyét dinh ton tai phan phdi dimg hay khéng. Nhin lai lvu ¥ 2, ta cé thé thiy
néu P chi khong am thi c6 thé sé ton tai hon 1 vector riéng cho tri riéng 1, day 1a diéu
ta khéng mong mudn khi tinh toin chi s6 PageRank!

Nhu viy ta c6 thé thay viéc xit 1y cdc truong hop ddc biét nhw Dangling Nodes hay
Web Reducible ciing déng vai tro quan trong trong khau xit 1y ctia Google khi nhitng
thao tac nay gitp 'don dep’ cdc phan t&t O dé ma tran chuyén déi P tré thanh mot ma
tran duong. Tt dé theo dinh 1y 10, P m&i ton tai duy nhat mot phan phdi dimg dé hoi
tu vé mot trang théi tinh noi ma vector PageRank sé khong thay déi dang ké trong cac
lan 18p ti sau d6 tré di.

Dé cho su hoi tu ta vita dé cap dude én dinh va chi s6 PageRank duge phan phoi
déng déu trén mang ludi thi céng thitc 13.1 ctia Google chinh 1a chia khéa, théng qua
viée st dung yéu t6 ’damping’ hap 1.

0 day ta sé ap dung cong thtic 13.1 dé thit tinh toan chi s PageRank cho céc nit
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clia do thi 13:

1

1
=
=
=
=
=
=

1

r-o100007 = [¥iiilldl
191q0L SRR
103003 SRR

R P S
000401 IR RS
_oooilo_ Pl

2 2 .6 666 6 6-

V6i o = 0.85, sau cling ta thu duge ma tran Google sau:

0.025 0.85 0.025 0.025 0.025 0.025
0.475 0.025 0.475 0.025 0.025 0.475
0.85 0.025 0.025 0.025 0.025 0.025
0.275 0.275 0.275 0.275 0.275 0.275
0.025 0.025 0.025 0.425 0.025 0.425
0.025 0.025 0.025 0.425 0.425 0.025

Sau d6 ma tran T nay dudc sit dung nhu mot cong cu quan trong dé tinh toan PageRank
clia tling trang web trong mang luéi. N6 phan anh cidch ma ngudi dung tiem an sé di
chuyén tit mot trang web dén trang web khéac, bao gdbm ca viéc nhap chudt ngau nhién
trén toan bo mang ludi web.

Qua mdt sb 1an lap lai quy trinh nhu vdy, ma tran chuyén déi sé tién dén mot trang thai
tinh titc 13 vector PageRank sé khong thay déi ddng ké sau mot sd lan 1ip nhéat dinh.
biéu nay dugc goi 1a hoi tu clia thuat toin PageRank!

Khi d6 ta tim dugc mot vector riéng clia ma tran chuyén déi sau ciing, tng véi tri
riéng 1, chang han la § nhu bén dudi:

s=[0.043 0.034 0.047 0.041 0.044 0.045]

Day chinh 1& chi s6 PageRank ta vita tim dugc cho hé thong web trusng Dai hoc Khoa
hoc Tu nhién, théng qua viéc xit 1y Dangling Node!
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SECTION 14

Thuat toan

Dé khép lai vin dé vé nhitmg trudng hop dic biét trong tinh toin PageRank ciing nhu
phuong 4n ctia Google, chiing ta sé theo doi nhitng phét biéu sau ciing, quan sat thuit
todn va dua ra két luan.

Nhéc lai 2 | Day la cong thic xay dung Ma tran cia Google:
T=a-P+(1—a)-E

va day la cong thitc dang ma tran ctia bai todn PageRank :

mi 0 --- 077! L1 L1z -+~ L1n
0 my---0 L1 Lop ++- Lop
0 O e Mhp Ln1 Lp2 =++ Lpn

Tt day ta dic két duge mot phat biéu vé thuat toan PageRank nhu sau:

Bai toan 1 | Tim vector p théa:

l—-a
n=n-(a-M‘1-L+ E) (14.1)
n

trong d6 E 1a ma trdn N x N ma céc phan tit déu bang 1, N 13 s trang web. L ma M
nhu da gi6i thiéu & phan 9.

Néu ban chi ¥ k¥ sé thiy nhitng trudng hgp nhu do thi khong lién thong hay ton tai
nhitng dinh treo 1a trudng hop dic biét noi ma cdc ma tran chuyén déi c¢é chita phan tit
0, tham chi 13 thanh ma tran thua. Ma trdn E dugc thém vao da gidi quyét van dé c6
phan phéi ditng hay khong!

Sau day sé la ma gid (pseudo code) va md ta gidi thuat dé tinh toin PageRank dua
trén céng thitc trén:

Algorithm 11 PageRank Algorithm

1: procedure PAGERANK(A, €, O) > PageRank evaluation algorithm
2 Input: A: matrix with N rows and N columns

3 €: float - tolerance level

4 a: float - damping factor

5: Output: p: eigenvector with N rows and 1 column
6 N « length of A

7 p «— random vector of size N x 1

8 last _p « random vector of size N x 1

9: G «— (1 — a)/Nx ones matrix of size N x N+ a x A
10: while ||p— last_p]||2 > € do

11: last_ p—p

12: p—Gxp

13: return p




THUAT TOAN

M6 ta Thuat toan PageRank

1. Pau vao: Thuit todn nhan vao 3 dbi sb:

- A: ma tran c6 N hang va N cot, biéu dién cAu tric lién két gitta cic trang web.
- €: ngudng dung sai, quyét dinh dén khi nao thuit todn ding.

- o: hé s6 giam, xéc dinh mtc d6 quan trong clia trang web hién tai so véi trang
web khac.

2. Khéi tao: Thuit toan bat dau bang viéc tinh do dai N ctia ma tran
A va tao ra hai vector ngau nhién p va last_p cé kich thuée N x 1.

3. Tao ma tran chuyén trang thai: Tao ma trdn G c6 kich thudc
N x N bang céch thuc hién phép nhan gifta mdt ma trén toan sé mot cé kich
thuée N x N v6i hé s6 (1 — a)/N va ma tran A v6i hé s6 a.

4. Lap: Trong khi khoang cich Euclid gita p va last_p 16n hon €, thuc
hién céc buéc sau:

- Cap nhat last_p thanh gid tri ctia p.

- Cap nhat p bang cdch nhan ma tran G véi p.

5. Pau ra: Két qua cudi cing la vector p, biéu dién PageRank ctia céc
trang web. Thuat toan ding lai khi hai vector p lién tiép khong thay déi dén
miic d6 cho phép €, va tra vé vector p 1a két qua cudi ciing clia PageRank.
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SECTION 15

Hién tai va tuong lai cia PageRank

Google loai bé PageRank khoi thanh cong cu clia minh vao ndm 2016, sau khi khong
cap nhat gid tri PageRank cho cong chiing trong nhiéu nam. C6 mot sé 1y do chinh cé
thé ké dé nhu sau:

1. Google muén ngan chin cdc hanh vi SEO xdu, nhu mua bén lién két, spam lién
két, hay thao ting lién két dé ting Page Rank nhanh chéng cho trang web ctia
ho. Nhitng hanh vi nay lam gidm chét lugng ciia két qua tim kiém va trai nghiém
ngudi dung.

2. Google muén khuyén khich cdc web-master tap trung vao viéc tao ra noi dung
chat lugng va mang lai gid tri cho ngudi ding, thay vi chi quan tdm dén chi sé
PageRank. PageRank chi 14 mot trong nhiéu yéu t6 trong thuit toan xép hang
ctia Google va n6 khong phan anh day du sitc manh ctia mot trang web.

3. Google mudn béo mat thuit todn xép hang ctia minh, va khong mudn dé 16 gia tri
PageRank cho d6i thii canh tranh hodc cic cong cu SEO khac. PageRank 13 mot
phan quan trong clia bi quyét thanh cong ctia Google, va Google khong mudén bi
sao chép hoac 1¢i dung.

Dua vao su loai bo clia Google PageRank khoi thanh cong cu vao nam 2016 va cac 1y do
di kém, c6 thé du dodn rang tuong lai clia PageRank sé tiép tuc trai qua céc thay doi
va diéu chinh. Mic du khong con duge Google st dung nhu mét chi s6 chinh thitc dé
xéc dinh xép hang trang web, nhung van cé nhiing vai tro va ¥ nghia trong cong dong
SEO va tiép thi truc tuyén.

Mot trong nhitng huéng phét trién tiém ning cho PageRank 1a sut phat trién ciia cac
thuét toan va phuong phap méi dé danh gid va xdc dinh su uy tin va chat lugng cla cac
trang web. Céc cong cu tim kiém cé thé phat trién cac yéu t6 mdi hoiic cai tién cic yéu
t6 hién c6 dé thay thé PageRank va cung cip két qué tim kiém chinh xédc hon va chét
lugng hon cho ngudi dung.

Ngoai ra, PageRank van c6 thé duge sit dung nhu mot cong cu do ludng tuong d6i
dé so sanh stic manh va anh hudéng clia cic trang web trong mot linh vic cu thé. Céc
nha nghién ctu va nha phat trién web c6 thé tiép tuc sit dung PageRank trong cic
nghién cttu va phét trién cdc cong cu va ting dung mdi.

Tém lai, tuwong lai ctia PageRank c6 thé di theo huéng diéu chinh va thay déi, nhung

van cé vai trd va ¥ nghia trong cong ddong SEO va tiép thi truc tuyén, cling nhu trong
nghién cttu va phét trién cong nghé web.

47

CHUONG

V1

Section 15. Hién tai va tuong
lai cia PageRank
Section 16. Tai liéu tham khéo

Bang 8. No6i dung cua
CHUONG VI



TAI LIEU THAM KHAO

SECTION 16

Tai liéu tham khao

[ I. GiGi thiéu bai toan PageRank ]

[1] A Survey on PageRank Computing
[2] PageRank: The Trillion Dollar Algorithm

[ I1. Co s3 ly thuyét ]

[ 3] Markov Chains and Monte-Carlo Simulation

[4] Math 19b, Linear Algebra, Probability and Statistics, Spring, 2011
[5] Stationary distributions

[6] Properties of Relations, LibreTexts Mathematics

[7] Algebraic and geometric multiplicity of eigenvalues, StatLect

[8] Lecturel2 ThePerron-Frobeniustheorem, ShlomoSternberg

[ III. Lién hé v8i mé hinh d6 thi ]

[9] Ranking Systems: The PageRank Axioms - Alon Altman, Moshe Tennenholtz
[10] A Survey on PageRank Computing

[11] Divide and Conquer | Set 5 (Strassen’s Matrix Multiplication)

[12] Liy thita nhi phan

[ IV. Xit 1y trudng hgp dic biét ]

[13] The effects of dangling nodes on citation networks, Erjia Yan and Ying Ding,
School of Library and Information Science, Indiana University, Bloomington, USA
[14] Markov Chains and Monte-Carlo Simulation

[ V. Ma tran Google ]

[15] Discussion on Damping Factor Value in PageRank Computation, Atul Kumar
Srivastava & Co, 1.J. Intelligent Systems and Applications, 2017, 9, 19-28

[16] Damping factor in Google page ranking, Hwai-Hui Fu*,y, Dennis K. J. Lin
and Hsien-Tang Tsai, Appl. Stochastic Models Bus. Ind., 2006; 22:431-444

VI. Tong két - Tai liéu tham khio

48


https://www.tandfonline.com/doi/abs/10.1080/15427951.2005.10129098
https://www.youtube.com/watch?v=JGQe4kiPnrU&t=641s
https://www.mathematik.uni-ulm.de/stochastik/lehre/ss06/markov/skript_engl
https://people.math.harvard.edu/~knill/teaching/math19b_2011/handouts.html
https://mpaldridge.github.io/math2750/S10-stationary-distributions.html
https://math.libretexts.org/Bookshelves/Combinatorics_and_Discrete_Mathematics/A_Spiral_Workbook_for_Discrete_Mathematics_(Kwong)/07%3A_Relations/7.02%3A_Properties_of_Relations
https://www.statlect.com/matrix-algebra/algebraic-and-geometric-multiplicity-of-eigenvalues
https://math.harvard.edu/library/sternberg/slides/1180912pf.pdf
https://www.eecs.harvard.edu/cs286r/courses/fall11/papers/AT'05.pdf
https://www.tandfonline.com/doi/abs/10.1080/15427951.2005.10129098
https://www.geeksforgeeks.org/strassens-matrix-multiplication/
https://wiki.vnoi.info/algo/algebra/binary_exponentation.md
https://yingding.ischool.utexas.edu/Publication/issi2011157.pdf
https://yingding.ischool.utexas.edu/Publication/issi2011157.pdf
https://www.mathematik.uni-ulm.de/stochastik/lehre/ss06/markov/skript_engl
https://www.mecs-press.org/ijisa/ijisa-v9-n9/IJISA-V9-N9-3.pdf
https://www.mecs-press.org/ijisa/ijisa-v9-n9/IJISA-V9-N9-3.pdf
https://www.researchgate.net/publication/319663233_Discussion_on_Damping_Factor_Value_in_PageRank_Computation
https://www.researchgate.net/publication/319663233_Discussion_on_Damping_Factor_Value_in_PageRank_Computation

	Lời Mở Đầu
	I Giới thiệu bài toán PageRank
	Hoàn cảnh
	Giới thiệu
	PageRank hoạt động theo nguyên tắc gì?

	II Cơ sở lý thuyết
	Lý thuyết đồ thị và tập hợp
	Đại số Tuyến tính & Xác suất Thống kê
	Định lý Perron - Frobenius

	III Liên hệ với mô hình đồ thị
	Xây dựng
	Lũy thừa ma trận

	IV Xử lý trường hợp đặc biệt
	Một góc nhìn khác về PageRank
	Dangling Node
	Web Reducible

	V Ma trận Google
	Ảnh hưởng của Damping factor
	Phương án của Google
	Thuật toán

	VI Tổng kết - Tài liệu tham khảo
	Hiện tại và tương lai của PageRank
	Tài liệu tham khảo


